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Small ball properties for Fr échet spaces

Leonhard Frerick and Alfredo Peris

Abstract. We give characterizations of certain properties of continuous linear maps between Fréchet
spaces, as well as topological properties on Fréchet spaces, in terms of generalizations of Behrends and
Kadets small ball property.

Propiedades de bola peque ña para espacios de Fr échet

Resumen. Caracterizamos ciertas propiedades para aplicaciones lineales y continuas entre espacios de
Fréchet, aśı como propiedades topológicas en espacios de Fréchet, en t́erminos de propiedades de bola
pequẽna inspiradas en el concepto de la propiedad de bola pequeña introducido por Behrends y Kadets.

Dedicated to the memory of Professor Klaus Floret

Let (M, d) be a metric space. Following Behrends and Kadets [1],(M,d) has the small ball property
(sbp), by definition, if for allδ > 0 there are(δn)n∈N ∈]0, δ[N decreasing and converging to zero, and
(xn)n∈N ∈ MN such that the union of the ballsB(xn, δn) := {y ∈ M : d(xn, y) < δn} coversM .

If D ⊂ M , an equivalent formulation gives that(D, d|D) has the (sbp) if and only if, foreachdecreasing
zero sequence(εn)n∈N of positive numbers, there is a sequence(An)n∈N of finite subsets ofM such that

D ⊂
⋃

n∈N
B(An, εn),

whereB(A, δ) := {x ∈ M : d(x,A) < δ}. This formulation motivates us to give the following general
definition:

Definition 1 Let(M, d) be a metric space and letA be a family of subsets ofM (shortly,A ⊂ 2M ) stable

under finite unions.D ⊂ M has theA -small ball property(A -sbp) if, for each decreasing zero sequence

(εn)n∈N of positive numbers, there is(An)n∈N ∈ A N such that

D ⊂
⋃

n∈N
B(An, εn).
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From now on we assume that the familyA is stable under finite unions. In our definition of theA -sbp,
it is enough to require that for everyδ > 0 there are(δn)n∈N ∈]0, δ[N decreasing and converging to zero,
and(An)n∈N ∈ A N such that

D ⊂
⋃

n∈N
B(An, δn).

There are many such families of subsets of Fréchet spaces which are natural and provide characterizations
of several known properties. To show this we need a result which is essential for the rest of the note. It is
an extended version of a result of Behrends and Kadets which allows us, in addition, to consider images of
maps.

Proposition 2 LetT : (M1, d1) → (M2, d2) be a uniformly continuous map between metric spaces where

(M1, d1) is in addition complete and letA ⊂ 2M2 . If T (M1) has theA -sbp then there exists anr > 0
such that for allε > 0 there arex ∈ M1 andA ∈ A with T (B(x, r)) ⊂ B(A, ε).

PROOF. Assume that the condition does not hold. Then there is an increasing functionε : [0,∞) →
[0,∞) with limr→0 ε(r) = 0 such that

T (B(x, r)) 6⊂ B(A, 2ε(2r)) (1)

for all r > 0, x ∈ M1 andA ∈ A . The uniform continuity ensures the existence of an increasing function
δ : [0,∞) → [0,∞) with limε→0 δ(ε) = 0 such that

T (B(x, δ(ε))) ⊂ B(T (x), ε)

for all x ∈ M1 andε > 0. We may assume thatγ(r) := δ ◦ ε(r) ≤ r
2 , r > 0. SinceT (M1) has theA -sbp

there is a sequence(εn)n∈N with ε(1) > ε1 > · · · > εn → 0 and(An)n∈N ∈ A N with

T (M1) ⊂
⋃

n∈N
B(An, εn).

Let y1 ∈ M1 be arbitrary. We setγ0(1) := 1, N0 := 0. We take a sequence of non negative integers
(Nk) such thatNk > Nk−1 andεNk

< ε(γk(1)) for everyk ≥ 1. We claim that we can choose inductively
a sequence(yk) such that

yk+1 ∈ B(yk,
γk−1(1)

2
)

and
T (B(yk+1, γ

k(1))) ∩
⋃

Nk−1<n≤Nk

B(An, εn) = ∅.

Indeed, assume that for allyk+1 ∈ B(yk, γk−1(1)
2 ) there iszB(yk+1, γ

k(1)) andNk−1 < n ≤ Nk with
T (z) ∈ B(An, εn). Thend2(T (yk+1), An) ≤ d2(T (yk+1), T (z)) + εn < 2ε(γk−1(1)). This would imply

T (B(yk,
γk−1(1)

2
)) ⊂ B(

⋃

Nk−1<n≤Nk

An, 2ε(γk−1(1))),

a contradiction to (1).

Fromγ(γk−1(1)) ≤ γk−1(1)
2 we obtainB(yk+1, γ

k(1)) ⊂ B(yk, γk−1(1)) for all k ∈ N. The com-
pleteness of(M1, d1) implies that there isy ∈ ⋂

n∈NB(yn, γn−1(1)) and we obtain

T (y) 6∈
⋃

k∈N0

⋃

Nk−1<n≤Nk

B(An, εn),
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a contradiction toT (M1) ⊂
⋃

n∈NB(An, εn). ¥

Our goal is to apply this characterization of small ball properties to the context of Fréchet spaces. We
refer the reader to [4] for notation and general properties of Fréchet spaces. Let us recall that any Fréchet
spaceF admits a translation invariant metric that generates the topology ofF . On the other hand it is
easy to see that small ball properties do not depend on the translation invariant metric that is fixed onF ,
generating its topology. From now on all Fréchet spaces will be assumed to be endowed with a translation
invariant metric. Natural maps between Fréchet spaces are linear and continuous, and within this setting we
can obtain a nicer characterization of small ball properties.

Lemma 3 LetT : E → F be a continuous linear map between Fréchet spaces and letA ⊂ 2F such that

i) for all A ∈ A andλ ≥ 0 we haveλA ∈ A , and

ii) for all A ∈ A andx ∈ E there isB ∈ A such thatT (x) + A ⊂ B.

ThenT (E) has theA -sbp if and only if there exists a zero neighbourhoodV in E such that for every zero

neighbourhoodU in F there isA ∈ A with

(∗) T (V ) ⊂ A + U.

PROOF. Using i) and the fact that neighbourhoods are absorbing it is easy to see that condition(∗) is
sufficient.

Assume now thatT (E) has theA -sbp. By Proposition 2, there is a zero neighbourhoodV in E such
that for all zero neighbourhoodsU in F there isx(U) ∈ E andA0(U) ∈ A such that

T (x(U) + V ) ⊂ A0(U) + U.

Condition(∗) follows by takingA ∈ A such thatT (−x(U)) + A0(U) ⊂ A. ¥

Examples for systemsA satisfying the above assumptionsi) andii) are the systemE (F ) of all finite
subsets ofF , the systemB(F ) of all bounded subsets ofF , and the systemΣ(F ) of all absolutely convex
andσ(F, F ′)-compact subsets ofF . Applying Lemma 3 to these examples we obtain

Theorem 1 LetT : E → F be a continuous linear map between Fréchet spaces. Then

i) T is compact iffT (E) has theE (F )-sbp,

ii) T is bounded iffT (E) has theB(F )-sbp,

iii) T is weakly compact iffT (E) has theΣ(F )-sbp.

PROOF. We will just showiii): It is obvious that weak compactness is sufficient. Conversely, let
T (E) have theΣ(F )-sbp. If (Un)n∈N is an arbitrary zero basis inF , Lemma 3 ensures the existence of
an absolutely convex zero neighborhoodV in E and a sequence(An)n∈N of absolutely convex and weakly
compact sets inF such that

T (V ) ⊂
⋂

n∈N
(An + Un).

This implies thatT (V ) is bounded and that

T (V )◦◦ ⊂
⋂

n∈N
(An + Un)◦◦,

where the first polar is taken with respect to the dual system<F, F ′> and the second polar is taken with
respect to< F ′, F ′′ >. SinceAn is absolutely convex and weakly compact we have(An + Un)◦◦ =
An + U◦◦

n and hence

T (V )◦◦ ⊂
⋂

n∈N
(F + U◦◦

n ) ⊂ F,
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sinceF is a closed subset of its strong bidualF ′′. Together with the boundedness ofT (V ), this shows that
T (V ) is relatively weakly compact. ¥

Now we can characterize several topological properties for Fréchet spaces in terms of small ball prop-
erties. Let us recall the most fundamental properties:

Given a Fŕechet spaceE, we say that

• E is a Schwartzspace if, for any absolutely convex zero neighbourhoodU in E, we have that the
canonical mapφU : E → EU into the local Banach spaceEU is compact,

• E is aMontelspace if every bounded subset ofE is relatively compact,

• E isquasinormableif, for any zero neighbourhoodU in E, there is a zero neighbourhoodV contained
in U such that, for eachε > 0, there is a bounded setB satisfying

V ⊂ B + εU.

Assertioni) in the following theorem is already proved by Behrends and Kadets [1, Corollary 3.7] in
the particular case whenE is a Banach space.

Theorem 2 LetE be a Fŕechet space. Then

i) E is finite dimensional iffE has theE (E)-sbp.

ii) E is a Banach space iffE has theB(E)-sbp.

iii) E is a reflexive Banach space iffE has theΣ(E)-sbp.

iv) E is a Schwartz space iff for every continuous linear mapT from E into any Banach spaceX the set

T (E) has theT (E (E))-sbp (or, equivalently, theE (F )-sbp).

v) E is quasinormable iff for every continuous linear mapT fromE into any Banach spaceX the setT (E)
has theT (B(E))-sbp.

vi) E is reflexive and quasinormable iff for every continuous linear mapT from E into any Banach space

X the setT (E) has theT (Σ(E))-sbp.

vii) E is Montel iff for every continuous linear mapT from any Banach spaceX into E the setT (X) has

theE (E)-sbp.

viii) E is reflexive iff for every continuous linear mapT from any Banach spaceX into E the setT (X) has

theΣ(E)-sbp.

PROOF. i) is a consequence of propertyi) in Theorem 1 forT = I and the fact that a non-empty
open set in a topological vector space is relatively compact if and only if the space is finite dimensional.
ii) is a direct consequence of propertyii) in Theorem 1 forT = I and the fact that an open set in a Fréchet
space is bounded if and only if the space is Banach.
iii) is a consequence of the previous equivalenceii), Theorem 1iii), and the fact that a Banach space is
reflexive if and only if its closed unit ball is weakly compact.
iv): If E is Schwartz,X is Banach space andT : E → X is linear and continuous, then it is obviously
compact and we obtain thatT (E) has theT (E (E))-sbp by Theorem 1i). Conversely, if for each local
Banach spaceX := EU we have that the canonical mapT : E → X satisfies thatT (E) has theT (E (E))-
sbp, then Theorem 1i) implies thatT is compact, and thereforeE is Schwartz.
v): E is quasinormable if and only if, for each absolutely convex zero neighbourhoodU , there is a zero
neighbourhoodV contained inU such that for everyε > 0 there is a bounded setB satisfying

T (V ) ⊂ T (B) + εŨ ,
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whereT : E → EU is the canonical map, and̃U is the unit ball ofEU . Therefore, by Lemma 3, quasi-
normability is a necessary condition. Conversely, ifE is quasinormable andT : E → X is a continuous
linear map into an arbitrary Banach spaceX, then there is a local Banach spaceEU such thatT factorizes
in the canonical way trough the mapS : E → EU . We have thatS(E) has theS(B(E))-sbp, thusT (E)
has theT (B(E))-sbp.
vi) is a consequence of the previous equivalencev) and the fact that a Fréchet space is reflexive if and only
if the bounded sets are relatively weakly compact.
vii): If E is Montel,X is a Banach space andT : X → E is linear and continuous, thenT (BX) is bounded
and thus relatively compact. Propertyi) in Theorem 1 implies thatT (X) has theE (E)-sbp. Conversely,
if B is an absolutely convex and closed bounded subset ofE, then the continuous inclusionT : EB → E
defined on the Banach spaceEB associated toB satisfies that, by Theorem 1i), T is compact. This implies
thatB is relatively compact.
viii): A Fréchet space is reflexive if and only if for eachB bounded and for every zero neighbourhoodU ,
there is a weakly compact subsetK of E such that

(∗)′ B ⊂ K + U.

(See [3, 1.9] and [2, Lemma 2.2] for a detailed proof in a more general case).
If T (EB) has theΣ(E)-sbp for each absolutely convex and closed bounded subsetB of E, then Lemma

3 gives(∗)′, soE is reflexive. Conversely, ifE is reflexive,X is a Banach space, andT : X → E is
continuous and linear, thenT is weakly compact and we conclude by Theorem 1iii). ¥
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