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Abstract 

This paper studies the flowshop scheduling problem with a complex bicriteria objective 

function. A weighted sum of makespan and maximum tardiness subject to a maximum 

tardiness threshold value is to be optimized. This problem, with interesting potential 

applications in practice, has been sparsely studied in the literature. We propose global and 

local dominance relationships for the three machine problem and a fast and effective genetic 

algorithm (GA) for the more general m-machine case. The proposed GA incorporates a novel 

three-phase fitness assignment mechanism specially targeted at dealing with populations in 

which both feasible as well as infeasible solutions might coexist. Comprehensive 

computational and statistical experiments show that the proposed GA outperforms the two 

most effective existing heuristics by a considerable margin in all scenarios. Furthermore, the 

proposed GA is also faster and able to find more feasible solutions. It should be noted that 

when the weight assigned to maximum tardiness is zero, then the problem is reduced to 

minimizing makespan subject to a maximum tardiness threshold value. Heuristics for both 

problems have been provided in the literature recently but they have not been compared. 

Another contribution of this paper is to compare these recent heuristics with each other. 
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1. Introduction 

The flowshop scheduling problem can be defined as sequencing a set of n jobs on a set of 

m machines. All jobs visit the machines in the same order, i.e., first machine 1, then machine 

2 and so on until machine m. Apart from the number of jobs n and the number of machines m, 

the input data to the problem consists of a matrix of processing times. Therefore, tj,k denotes 

the processing time of job j (j = 1,2,...,n) on machine k (k =1,2,…,m). The flowshop 

scheduling problem has received considerable attention from researchers ever since it was 

introduced more than five decades ago in the well known paper of Johnson (1954). The 

problem has been addressed with respect to different criteria in the literature. Among 

commonly used criteria in flowshop scheduling research are makespan and maximum 

tardiness. Makespan can be considered as a measure of system utilization while maximum 

tardiness can be considered as a measure of performance in meeting customer due dates. The 

makespan is equal to the time at which the last job in the processing sequence is finished at 

machine m. Makespan minimization for the m-machine flowshop has been addressed in the 

literature by many researchers, e.g., Nawaz, Enscore and Ham (1983), Framinan, Leisten and 

Rajendran (2003), and more recently, Ruiz and Stützle (2007). The previous papers constitute 

just a small extract of the existing literature. A review of different heuristics to minimize 

makespan for flowshops can be found in Ruiz and Maroto (2005). Other more general 

reviews can be found in Framinan, Gupta and Leisten (2004) and in Hejazi and Saghafian 

(2005). 

If we denote by Cj the completion time of job j on machine m in a given sequence and 

by dj the due date of the same job j, then the tardiness of job j or Tj is given by Tj=max{Cj-

dj,0}. From the tardiness of all jobs, total tardiness or maximum tardiness criteria can be 

easily calculated. The flowshop scheduling problem with maximum tardiness criterion has 

received less attention than the makespan counterpart. Still, there are quite a large number of 

papers in the literature. From the work of Townsend (1977) that addressed the problem with 

maximum tardiness to the papers of Kim (1993) or Hasija and Rajendran (2004) that 

addressed the problem with mean and total tardiness, respectively. A recent review of 

flowshop scheduling research involving tardiness criteria has been presented by Vallada, 

Ruiz and Minella (2008). The reader is referred to this review in which the whole literature is 

surveyed in much more detail. 

 This paper addresses the flowshop scheduling problem with the objective of minimizing 

a linear and convex combination of makespan and maximum tardiness, i.e., λCmax + (1-
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λ)Tmax such that Tmax≤K. Cmax and Tmax denote makespan and maximum tardiness, 

respectively. K is a value specified by the scheduler, and λ (0≤λ≤1) denotes the weight (or 

relative importance) given to Cmax and Tmax. Using the notation of T'kindt and Billaut (2006), 

this problem is denoted as ( )max/, TZdprmuF
i
ε , where Z is the above mentioned linear 

combination of citeria λCmax + (1-λ)Tmax. The flowshop problem under makepan alone is 

already NP-Hard as was shown by Garey, Johnson and Sethi (1976) (m≥3). Similarly, for 

tardiness criteria, Du and Leung (1990) showed that the one machine version is already NP-

Hard. Therefore, the studied problem is also NP-Hard. 

 The problem tackled in this paper is important for several reasons: first, flowshop 

scheduling is a problem with many potential applications in practice. Second, the weighted 

criteria allows for an effective “a priori’’ multiobjetive optimization. Finally, by having a 

maximum value for the tardiness criterion, one can focus the search on solutions that satisfy a 

minimum costumer delivery service.  

 The most recent survey on flowshop scheduling problems with multi-objective is by 

Minella, Ruiz and Ciavotta (2007) where most of the existing literature is reviewed. A close 

analysis of all this existing work reveals that the problem studied in this paper has been 

sparsely treated. To the best of our knowledge, the only existing papers are those of Daniels 

and Chambers (1990), Chakravarthy and Rajendran (1999) and Allahverdi (2004). Daniels 

and Chambers (1990) provided two dominance relations and developed a lower bound for the 

two-machine problem, and presented two heuristic algorithms; one for the two-machine and 

the other for the m-machine problem. Chakravarthy and Rajendran (1999) presented a 

simulated annealing algorithm for the m-machine problem and compared their algorithm with 

that of Daniels and Chambers (1990). Allahverdi (2004) presented a local dominance relation 

for the case of three machines, and proposed a heuristic for the m-machine problem. 

Allahverdi (2004) demonstrated that his proposed heuristic clearly outperforms those of 

Daniels and Chambers (1990), and Chakravarthy and Rajendran (1999) by a significant 

margin. A related work is that of Framinan and Leisten (2006) where a heuristic is presented 

for a special case of this problem where λ=1, i.e., minimize Cmax such that Tmax≤K or 

( )maxmax /, TCdprmuF
i
ε . In this later paper, a new heuristic is presented and shown superior 

to those of Daniels and Chambers (1990) and Chakravarthy and Rajendran (1999). It should 

be noted that the heuristic of Framinan and Leisten (2006) is not compared with that of 

Allahverdi (2004). In this paper, we also compare these two heuristics.  
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 In this paper, we present a global and a local dominance relation for the three machine 

problem, and a high performance genetic algorithm for the m-machine case. Computational 

experiments indicate that the proposed genetic algorithm largely outperforms the heuristics of 

Allahverdi (2004) and Framinan and Leisten (2006) in completely comparable scenarios and 

in shorter CPU times. The dominance relations are presented in the next section, and the 

proposed genetic algorithm is presented in Section 3. Section 4 includes the computational 

analysis while concluding remarks are made in Section 5. 

 

2. Dominance Relations for Cmax and three machines 

Let 

tj,k : the processing time of job j (j = 1,2,...,n) on machine k (k =1,2,3),  

Cj : the completion time of job j on machine k, 

Also let [j] denote the job in position j. Therefore, C[j,k] denotes the completion time of the 

job in position j. t[j,k] is defined similarly.  

Let T[j,k] denote the sum of the processing times of jobs in positions 1, 2,..., j on 

machine k, i.e.,  

  T[j,k] = 
r

j

=
∑
1
 t[r,k],  j = 1, 2, ..., n and k = 1, 2, 3   

Let  

δ[j] = T[j,1] - T[j-1,2],  j = 1, 2, ..., n          (1) 

where T[0,2]=0. Let IT[j,2] denote total idle time on the second machine until the job in 

position j on the machine is completed. It can be shown that (Allahverdi (2004) 

  IT[j,2] = max {0, δ[1], δ[2], ..., δ[j]}        (2) 

Let  

φ[j] = T[j,2] + IT[j,2]  - T[j-1,3],  j = 1, 2, ..., n      (3) 

where ST[0],3=0.  Similarly, if IT[j],3 denotes the total idle time on the third machine until the 

job in position j on the machine is completed. It can be shown that (Allahverdi (2004)  

  IT[j,3] = max {0, φ[1], φ[2], ..., φ[j]}        (4) 

Hence,  

  C[j] = T[j,3] + IT[j,3] , and 

It is clear from the last equation that minimizing makespan (Cmax or equivalently C[n]) is 

equivalently to minimizing IT[j,3] since the term T[j,3] is constant which is independent of the 
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sequence. It should be noted that throughout this paper we only consider permutation 

flowshops.  

 Let ϕh denote a subsequence of a complete sequence πu∈Π of all the n jobs. Therefore, 

the notations of π1 = (ϕ1, d, ϕ2, k, ϕ3) and π2 = (ϕ1, k, ϕ2, d, ϕ3) mean that the two sequences 

of π1∈Π and π2∈Π have the same jobs in all positions except that the jobs d∈J and k∈J are 

interchanged. When the jobs d and k are adjacent, such two complete sequences of π3∈Π and 

π4∈Π can be expressed as follows π3 = (ϕ1, d, k, ϕ2) and π4 = (ϕ1, k, d, ϕ2). If the sequence π2 

dominates the sequence π1, then the relationships between jobs k and d are global. That is, job 

k should precede job d even if jobs k and d are not adjacent. On the other hand, if the 

sequence π4 dominates the sequence π3, then the relationships between jobs k and d are local 

meaning that job k should precede job d only if jobs k and d are adjacent. It should be obvious 

that a global dominance relation is more general and hence more desirable then a local 

dominance relation.  

 Allahverdi (2004) provided a local dominance relation for minimizing Cmax and Lmax, 

(maximum lateness). In this section, we establish a global dominance relation and another 

local dominance relation for minimizing Cmax. It should be noted that it is more challenging to 

come up with a global dominance relation for Lmax. It should be also noted that a sequence 

minimizing Lmax also minimizes Tmax.  

 Consider exchanging the positions of two jobs on a three-machine flowshop in a 

sequence π1 that has job i in an arbitrary position g and job j in position h. Consider another 

sequence that is obtained from the sequence π1 by only interchanging jobs i and j. Call the 

sequence obtained from π1 as π2, i.e., π2=(ϕ1, i, ϕ2, j, ϕ3) and π2=(ϕ1, j, ϕ2, i, ϕ3). 

Lemma 1: δ[r](π2) = δ[r](π1) for r=1, …, g-1, h+1, …, n.  

Proof : It should be noted that both sequences π1 and π2 have the same jobs in positions 

1, …, g-1. Therefore, δ[r](π2) = δ[r](π1) for r=1, …, g-1. For r= h+1, …, n,  

δ[r](π1) = T[g−1,1](π1) + ti,1 + ∑
−

+=

1h

1gp
t[p,1]  + tj,1  

+ ∑ +=

r

1hp
t[p,1] - T[g−1,2](π1) - ti,2 - ∑

−

+=

1h

1gp
t[p,2]  – tj,2 -  ∑

−

+=

1r

1hp
t[p,2] ,   

δ[r](π2) = T[g−1,1](π1) + tj,1 + ∑
−

+=

1h

1gp
t[p,1]  + ti,1  

+ ∑ +=

r

1hp
t[p,1] - T[g−1,2](π1) – tj,2 - ∑

−

+=

1h

1gp
t[p,2]  – ti,2 -  ∑

−

+=

1r

1hp
t[p,2]  

It is clear from the above two equations that δ[r](π2) = δ[r](π1) for r= h+1, …, n.  
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Lemma 2: φ[r](π2) = φ[r](π1) for r=1, …, g-1. Moreover, for r= h+1, …, n, φ[r](π2) ≤ 

φ[r](π1) if max{IT[g-1,2](π2), δ[g](π2), δ[g+1](π2),…, δ[r](π2)} ≤ max{IT[g-1,2](π1), δ[g](π1), 

δ[g+1](π1),…, δ[r](π1)}. 

Proof : It should be noted that both sequences π1 and π2 have the same jobs in positions 

1, …, g-1. Therefore, φ[r](π2) = φ[r](π1) for r=1, …, g-1. For r= h+1, …, n,  

φ[r](π1) = T[g−1,2](π1) + ti,2 + ∑
−

+=

1h

1gp
t[p,2]  + tj,2 + ∑ +=

r

1hp
t[p,2]  

+ max{IT[g-1,2](π1), δ[g](π1), δ[g+1](π1),…, δ[r](π1)}  

- T[g−1,3](π1) - ti,3 - ∑
−

+=

1h

1gp
t[p,3]  – tj,3 -  ∑

−

+=

1r

1hp
t[p,3] ,   

φ[r](π2) = T[g−1,2](π1) + tj,2 + ∑
−

+=

1h

1gp
t[p,2]  + ti,2 + ∑ +=

r

1hp
t[p,2]  

+ max{IT[g-1,2](π1), δ[g](π1), δ[g+1](π1),…, δ[r](π1)}  

- T[g−1,3](π1) – tj,3 - ∑
−

+=

1h

1gp
t[p,3]  – ti,3 -  ∑

−

+=

1r

1hp
t[p,3]   

It is obvious from the last two equations that when max{IT[g-1,2](π2), δ[g](π2), 

δ[g+1](π2),…, δ[r](π2)} ≤ max{IT[g-1,2](π1), δ[g](π1), δ[g+1](π1),…, δ[r](π1)} is satisfied, then, . 

φ[r](π2) ≤ φ[r](π1) for r= h+1, …, n.  

 Allahverdi (2004) provided a local dominance relation for minimizing Cmax and Lmax. In 

the following theorem, we establish a global dominance relation for minimizing Cmax. Notice 

that a global dominance relation is more general than a local dominance relation. It should be 

noted that it was challenging to come up with a global dominance relation for minimizing 

Lmax. 

 Theorem 1: Consider a three-machine flowshop, and suppose that the jobs i and j 

satisfy the following conditions: (i) tj,1≤ti,1, (iii) tj,2=ti,2, (iiii) tj,3≥ti,3. Then, 

the sequence π2=(ϕ1, j, ϕ2, i, ϕ3) dominates the sequence π1=(ϕ1, i, ϕ2, j, ϕ3) with respect to 

minimizing Cmax.  

Proof: If it is shown that Cmax(π2) ≤ Cmax(π1) (i.e., π2 dominates π1), then, the 

sequence π2 would be no worse than the sequence π1, and, therefore, job j precedes job i in a 

sequence that minimizes makespan.  

For the job in position g,  

δ[g](π1) = T[g−1,1](π1)  + ti,1 -  T[g−1,2] (π1),      

δ[g](π2) = T[g−1,1](π2)  + tj,1 -  T[g−1,2](π2) .      

It follows from the last two equations and hypothesis (i) that  
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δ[g](π2) ≤ δ[g](π1).            (5) 

For r=g+1, g+2, …, h-1,   

δ[r](π1) = T[g−1,1](π1) + ti,1 + ∑ +=

r

1gp
t[p,1] 

-  T[g−1,2](π1)  - ti,2 - ∑
−

+=

1r

1gp
t[p,2]  ,     

δ[r](π2) = T[g−1,1](π2) + tj,1 + ∑ +=

r

1gp
t[p,1] 

-  T[g−1,2](π2)  – tj,2 - ∑
−

+=

1r

1gp
 t[d,2] . 

From the above two equations and hypothesis (i) and (ii),  

 δ[r](π2) ≤ δ[r](π1) r=g+1, g+2, …, h-1,        (6) 

For r=h,   

δ[h](π1) = T[g−1,1](π1) + ti,1 + ∑ +=

r

1gp
t[p,1] + tj,1 

-  T[g−1,2](π1)  - ti,2 - ∑
−

+=

1r

1gp
t[p,2]  ,     

δ[h](π2) = T[g−1,1](π2) + tj,1 + ∑ +=

r

1gp
t[p,1] + ti,1 

-  T[g−1,2](π2)  – tj,2 - ∑
−

+=

1r

1gp
 t[d,2]  

Therefore, from the last two equations,  

δ[h](π2) = δ[h](π1).           (7) 

For the job in position g,  

φ[g](π1) = T[g−1,2] (π1) + ti,2+ max {ΙΤ[g−1,2] (π1), δ[g](π1)} -  T[g−1,3](π1) , and 

φ[g](π2) = T[g−1,2] (π2) + tj,2+ max {ΙΤ[g−1,2] (π2), δ[g](π2)} -  T[g−1,3](π2). 

By hypothesis (ii) and inequality (5),   

φ[g](π2) ≤ φ[g](π1).            (8) 

Moreover, for r=g+1, g+2, …, h-1,   

φ[r](π1) = T[g−1,2] (π1) + ti,2 + ∑ +=

r

1gp
t[p,2]+ max {ΙΤ[g−1,2] (π1), δ[g](π1), δ[g+1](π1), …,δ[r](π1)}  

-  T[g−1,3](π1) - ti,3 - ∑
−

+=

1r

1gp
t[p,3], and    

φ[r](π2) = T[g−1,2] (π2) + tj,2 + ∑ +=

r

1gp
t[p,2]+ max {ΙΤ[g−1,2] (π2), δ[g](π2), δ[g+1](π2), …,δ[r](π2)}  

-  T[g−1,3](π2) – tj,3 - ∑
−

+=

1r

1gp
t[p,3]. 

From the last two equations, inequalities (5) and (6), and hypothesis (iii),   

 φ[r](π2) ≤ φ[r](π1) r=g+1, g+2, …, h-1,        (9) 
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On the other hand, for the job in position h,   

φ[h](π1) = T[g−1,2] (π1) + ti,2 + ∑
−

+=

1h

1gp
t[p,2] + tj,2 

+ max {ΙΤ[g−1,2] (π1), δ[g](π1), δ[g+1](π1), …,δ[h](π1)}  

-  T[g−1,3](π1) - ti,3 - ∑
−

+=

1h

1gp
t[p,3] , and    

φ[h](π2) = T[g−1,2] (π2) + tj,2 + ∑
−

+=

1h

1gp
t[p,2] + ti,2 

+ max {ΙΤ[g−1,2] (π2), δ[g](π2), δ[g+1](π2), …,δ[h](π2)}  

-  T[g−1,3](π2) – tj,3 - ∑
−

+=

1h

1gp
t[p,3] .     

It follows from the above two equations, inequalities (5) and (6), equation (7) and hypothesis 

(iii) that  

φ[h](π2) ≤ φ[h](π1) .          (10) 

Therefore, it follows from Lemmas 1 and 2, and inequalities (8)-(10), that Cmax(π2) ≤ 

Cmax(π1). 

 Corollary 1: Consider a three-machine flowshop, and suppose that the jobs i and j 

satisfy the following conditions: (i) tj,1≤ti,1, (iii) tj,2=ti,2, (iiii) tj,3≥ti,3. Then, 

the sequence π2=(ϕ1, j, i, ϕ3) dominates the sequence π1=(ϕ1, i, j, ϕ3) with respect to 

minimizing Cmax.  

Proof: The proof directly follows from that of Theorem 1.  

The dominance relation given in Theorem 1 is a global dominance relation. In the 

following theorem, we establish a local dominance relation. This is another local dominance 

relation in addition to the one given by Allahverdi (2004). 

Theorem 2: Consider a three-machine flowshop, and suppose that the jobs i and j 

satisfy the following conditions: (i) tj,1≤ti,1, (iii) tj,2≥ti,2, (iiii) tj,3≥ti,3, and (iv) ti,2≥tj,3. Then, 

the sequence π2=(ϕ1, j, i, ϕ2) dominates the sequence π1=(ϕ1, i, j, ϕ2) with respect to 

minimizing Cmax.  

Proof: This can be proved in the same way as that of the proof of Theorem 1. Now, 

jobs i and j are adjacent, and hence h=g+1.  We only need to show that  

max {δ[g](π2), δ[g+1](π2)} ≤ max {δ[g](π1), δ[g+1](π1)} and  

max {φ[g](π2), φ[g+1](π2)} ≤ max {φ[g](π1), φ[g+1](π1)}. 

It can be shown that if tj,1≤ti,1, then δ[g](π2) ≤ δ[g](π2). Moreover, if tj,2≥ti,2, then δ[g+1](π2) 

≤ δ[g+1](π2). Hence, max {δ[g](π2), δ[g+1](π2)} ≤ max {δ[g](π1), δ[g+1](π1)}.  
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It can also be shown that if ti,2≥tj,3, then φ[g](π2) ≤ δ[g+1](π2). And, if tj,3≥ti,3 and max 

{δ[g](π2), δ[g+1](π2)} ≤ max {δ[g](π1), δ[g+1](π1)}, then  φ[g+1](π2) ≤ δ[g+1](π1). Therefore,  

max {φ[g](π2), φ[g+1](π2)} ≤ max {φ[g](π1), φ[g+1](π1)}. 

 

3. A Genetic Algorithm for the general m-machine case 

Dominance relationships are extremely useful in implicit enumeration algorithms like 

branch and bound. In some other scenarios, these relationships are also useful if used within 

heuristics as shown by Ruiz and Allahverdi (2007b). However, the previously presented 

relationships are only applicable to the three machine case. In this paper we are also 

interested in the more general m-machine case. As a result, more general algorithms are 

needed. 

Genetic algorithms have been frequently used in the scheduling research community with 

very good results. As the name implies, a Genetic Algorithm (GA) mimics the natural 

selection and evolution of species. In a GA, a solution for a specific problem is abstracted and 

encoded into the chromosome of an individual. The evolution starts from a population of 

solutions or individuals that is usually generated at random. At each iteration, two individuals 

are stochastically selected, crossed and mutated. The two new resulting individuals are copied 

into the new population which is gradually filled iteration after iteration. When the new 

population has the same size as the previous one, the previous one is erased and the process 

continues into subsequent generations. At the beginning of each generation, the fitness of all 

the individuals is calculated. The fitness is normally a direct function of the objective 

function value. Fitter individuals should have a greater chance of being selected. 

GAs for scheduling have been used since the mid 90s. However, more recently, in Ruiz, 

Maroto and Alcaraz (2006) a new type of steady state genetic algorithms was proposed. In 

essence, in a steady state GA, there is only one population and new individuals do not replace 

their parents, but other individuals in the population. More precisely, in the GA proposed by 

Ruiz, Maroto and Alcaraz (2006), a new individual replaces the worst individual of the 

population if this new individual is unique and better than the worst. This new scheme 

generates high pressure GAs with high convergence speed. Futhermore, elitism is not needed 

as it is implicit in the generational scheme. These GAs were successfully employed in more 

complex flowshop scheduling scenarios as shown in Ruiz, Maroto and Alcaraz (2005) and in 

Ruiz and Maroto (2006). 
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These high performing GAs were further improved in Ruiz and Allahverdi (2007a). More 

specifically, the fitness calculation is simplified by directly considering the objective function 

as fitness. Additionally, the authors proposed a n-tournament selection procedure based on 

this direct fitness value. The resulting GA shows a much greater speed and simplicity and at 

the same time a very high performance. 

In this work we further enhance this new breed of GAs by incorporating significant 

speed-ups in the local search and a novel tree-phase fitness evaluation, specially tailored for 

dealing with infeasible solutions. In the following we explain the different components of the 

proposed GA. 

3.1. Population representation, initialization, fitness calculation and selection 

procedures 

We employ a direct permutation of jobs as a genetic representation. This is by far, the 

most widely employed representation in the literature. The initial population is generated at 

random except two super individuals. These are generated with the Earliest Due Date (EDD) 

dispatching rule and the NEH heuristic from Nawaz, Enscore and Ham (1983). Obviously, 

the NEH has been adapted in order to deal with the bicriteria considered in this paper. 

However, if the resulting NEH solution is infeasible as regards to the K value (i.e., the Tmax 

value of this NEH solution is greater than K), it is still included in the population. 

As commented before, the main novel feature of the proposed genetic algorithm is the 

calculation of the fitness value. Normally, one should not allow infeasible solutions to be 

inserted into the population. However, in the problem we are dealing with, feasibility is not 

guaranteed for strict K values. Furthermore, it is well known that sometimes reaching 

feasibility is easier if marginally infeasible solutions are allowed. Therefore, in our proposed 

GA, we allow infeasible solutions in the population. As a result, at any moment, the 

population of the GA might be in one of the three following states: 1) All solutions are 

feasible, i.e., the maximum tardiness for all individuals in the population is below or equal to 

K. 2) There is a mixture of infeasible as well as feasible solutions in the population and 3) All 

solutions are infeasible. For the first state, we take the direct approach of considering the 

objective value (the weighted sum) of the individual as the fitness value. For the third case, 

we take the maximum tardiness given by the sequence as the fitness value. By doing so, we 

try to push the GA so that feasible solutions are found as fast as possible. The second 

scenario is the most complex, since both feasible as well as infeasible solutions coexist in the 

population. In this case, we calculate the worst feasible objective value and add this value to 

that of the infeasible solutions. The result is that the best infeasible solution always has a 
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fitness value that is worse than the worst feasible solution. In some cases, the value of K 

might be impossible to achieve. In order to avoid the situation in which the GA is hopelessly 

looking for feasible solutions, we increase the value of K when half of the allotted time has 

elapsed. In such a case, the value of K is changed to the maximum tardiness given by the best 

solution in the population. Figure 1 shows the evolution of the GA for one run where four 

graphs have been plotted. All four graphs are plotted against generation number. The first 

plot draws the objective value, the second the fitness value, the third the maximum tardiness 

and the fourth the number of feasible solutions in a population of 50 individuals. For the first 

three plots the lines in blue, green and red indicate the worst, average and best values in the 

population, respectively. Furthermore, for the maximum tardiness plot, the thick black line 

represents the K value. 

 

Figure 1: Example with the evolution of the GA across generations and the fitness calculation. 

 

As we can see from Figure 1, all three states for the fitness calculation are present in 

this GA run. From the last plot we see that until generation 55 there are no feasible solutions 



12 

 

in the population. As a matter of fact, this is case where the K value is too strict. We can see 

from the maximum tardiness plot that the best maximum tardiness value is above the K 

threshold below generation 55. Right in generation 55 (50% of the elapsed time) the K value 

is increased so that at least the best maximum tardiness in the population is now feasible. 

From this point we see that the fitness value (up to this point the maximum tardiness) changes 

scales. The best solution (feasible) gets a fitness value equal to the objective value. The other 

infeasible solutions are penalized and their fitness values increase. After a few generations 

more and more solutions are feasible and thus the average fitness decreases. About generation 

91, all solutions are feasible and therefore, from that point, the fitness values coincide with 

the objective values. 

The rationale behind this complex fitness assignment scenario is to cover all possible 

situations. At the beginning, the GA works in the infeasible space by minimizing the 

maximum tardiness and thus quickly reaching feasibility. Once a feasible solution is found, 

the fitness values are recalculated so that the GA works both for improving the objective 

values and also for getting more feasible solutions. At the end the GA works as “normal” 

when all solutions are already feasible. 

As commented, the selection procedure is based on the n-tournament. This selection 

procedure, proposed by Ruiz and Allahverdi (2007a), uses a pressure% parameter to 

randomly select a percentage of the population. Among the randomly chosen individuals, the 

one with the best fitness value wins the tournament and is selected for the application of 

subsequent operations. The other parent is selected in a similar way but there cannot be 

repetition, i.e., the fist selected parent does not participate in the tournament for the selection 

of the second parent. N-tournament does not require expensive mappings and or sortings of 

the population and is therefore a fast and simple selection operator. 

3.2. Crossover, mutation and generational scheme 

The literature is rich on crossover operators that are suitable for permutation 

representations as the one employed by our proposed GA. Already in Ruiz, Maroto and 

Alcaraz (2006), a large number of crossover operators were thoroughly tested for the 

permutation flowshop problem. All of these operators generate feasible individuals and no 

expensive solution repair techniques need to be applied. In Ruiz and Allahverdi (2007a), 

three crossover operators from Ruiz, Maroto and Alcaraz (2006) were tested for the new 

breed of GAs, namely one point order crossover (OP), two point order crossover (TP) and 

similar block order crossover (SBOX). Among these three, TP showed a consistently better 

performance and we choose it for our new GA. 
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As usual in the scheduling literature, and more specifically for flowshop problems, we 

employ the well known shift mutation. In this operator we take a probability per individual, 

i.e., if an individual is to be mutated, we simply extract one job from the permutation and re-

insert it in another random position. 

As commented previously, in our GA we employ a steady state generational scheme. Two 

selected parents undergo crossover and two feasible offspring are generated. Each one 

undergoes mutation and a possible local search (which will be explained in the next section). 

Then, we evaluate the new individual and calculate its fitness. The fitness of the new 

individual is calculated according to the state of the population and also considering if the 

new individual is feasible or not. Once the fitness has been calculated, we check if the new 

individual already exists in the population. This “uniqueness” is checked first at an objective 

function level, since two identical permutations cannot have distinct objective function 

values. However, two distinct solutions might have the same objective function value. 

Therefore, whenever an equal objective value is found in the population, both solutions (the 

existing and the new one) are checked to see if their permutations are different. As a result, if 

the same exact permutation exists in the population, the new offspring is discarded. 

Otherwise we check if the fitness of this new offspring is better than that of the worst fitness 

in the population. If it is, then this new offspring replaces the worst individual in the 

population. This proposed steady state generational scheme avoids clones in the population 

(and possible premature convergence) and at the same time ensures a high performance as 

shown in Ruiz, Maroto and Alcaraz (2006) and in Ruiz and Allahverdi (2007a). 

3.3. Local search 

We incorporate a fast local search in our proposed GA. Depending on the problem, a 

local search might be too slow and in some cases even counterproductive. Carrying out an 

extensive and deep local search to a starting solution might result in a strong local optima 

which might be at the same time not a very good solution. In order to avoid this, we choose a 

light local search scheme and apply it to the best solution from the initial population and also 

at each generated offspring after crossover and mutation. Not every offspring undergoes local 

search. We apply local search to new offspring in accordance to a small probability PLS. 

The proposed local search is simple. For a given solution, we extract, at random, and 

without repetition, every job, one by one, and re-insert it in all possible positions of the 

sequence. The new position for the job is the one that results in the lowest overall objective 

value. It has to be noted that the local search stops when all jobs have been examined in all 
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positions, not when a local optima with respect to this insertion neighborhood has been 

reached. Additionally, the local search only accepts movements if the K value is not violated. 

We also use some speed-ups in order to keep the CPU requirements of the local search 

low. Each objective function evaluation for a given permutation has a complexity of ( )nmO . 

Therefore, removing one job and re-inserting it in all possible n positions of the sequence has 

a complexity of ( )mnO 2 . Since this has to be repeated for every job, the resulting complexity 

of the application of the proposed local search is ( )mnO 3 . This is fairly expensive, especially 

for bigger values of n. However, if the insertion in all n positions is done in order, substantial 

savings can be obtained. For example, let us have a permutation π={1,2,3,4,5} of five jobs. If 

we extract job 4, the “incomplete” permutation would be πi={1,2,3,5}. This job 4 has now to 

be inserted in the first, second, third, fourth and fifth positions. All the following 

permutations have to be tested: π1={4,1,2,3,5}, π2={1,4,2,3,5}, π3={1,2,4,3,5}, 

π4={1,2,3,4,5} and π5={1,2,3,5,4} (π4 does not need to be calculated if the objective value of 

the starting permutation is known). A close examination reveals that job 1 is in the same 

position in π2, π3, π4 and π5. Similarly, job 2 is in the same position in π3, π4 and π5. The 

partial objective value for job 1 does not need to be calculated again from π3 onwards. By just 

storing these partial values, substantial savings in CPU time can be obtained. In any case, the 

worst case computational complexity is unchanged with the speed up. However, a careful 

analysis results in a computational complexity for the insertion of a job of 
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2 . This translates in a local search that is more or less 45% faster for 

medium to large values of n. 

3.4. Calibration of the proposed GA 

 Ruiz and Allahverdi (2007a) showed an extensive calibration campaign for a series of 

GAs that are similar, with the exception of the fitness values employed here, to the presented 

GA. We carried out similar calibration experiments by means of the Design of Experiments 

(DOE) approach and Analysis of Variance (ANOVA) technique. However, our experiments 

were more limited on scope and confirmatory in nature. The results are now summarized. 

 We confirmed that an initialization as described in Section 3.1 yields much better 

results than a random initialization. The best results were observed with a population size of 

50 (the other levels tested were 30 and 70). The pressure% for the n-tournament selection 

was fixed at 30% according to the results of Ruiz and Allahverdi (2007a). TP crossover 
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showed superior performance in all experiments than One Point Order Crossover (OP) and 

Similar Block Order Crossover (SBOX). The best crossover probability (PC) was just 0.3 (0.5 

and 0.7 tested also). Similarly, mutation probability (Pmut) was set at 0.02 which resulted 

better than 0.01 and 0.03. Lastly, the probability of applying local search (PLS) showed best 

results when set at 0.15, better than 0.1 and 0.2. 

 

4. Experimental evaluation 

In this section we now proceed to test the proposed GA against existing methods. We first 

discuss the benchmark employed. Vallada, Ruiz and Minella (2008) generated a 

comprehensive benchmark for the permutation flowshop problem that includes due dates. 

This benchmark is much larger in size then other existing sets of problems. Furthermore, it 

contains larger instances and many factors are considered. As a result, we also employ the 

same benchmark. For the sake of completeness, we briefly detail the characteristics of this 

benchmark here. The processing times are uniformly distributed between 1 and 99 as it is the 

usual norm in the scheduling literature. Additionally, the due dates are also uniformly 

distributed in the following range [P(1-T-R/2) ; P(1-T+R/2)]. This way of distributing the due 

dates is very common in the literature and is due to Potts and Van Wassenhove (1982). T is 

the so called Tardiness Factor and R is the Due Date Range. P is a loose bound on the 

makespan from Taillard (1993). The benchmark is divided into 9 different combinations of T 

and R, being T={0.2, 0.4, 0.6} and R={0.2, 0.6, 1.0}. Inside each one of the nine T-R 

combinations there are 60 instances with different number of jobs and machines. More 

precisely, there are five instances for each one of the following n-m combinations: n={50, 

150, 150, 350} and m={10, 30, 50}. In total, there are 540 instances that are available upon 

request from the authors. Along with the instances, the best known results for each of the λ 

values tested below, are also available. 

Apart from the benchmark, we need a value for K as used in the objective function λCmax 

+ (1-λ)Tmax such that Tmax≤K. In all the related literature surveyed in Section 1, and more 

specifically in Daniels and Chambers (1990), Chakravarthy and Rajendran (1999), Allahverdi 

(2004) and in Framinan and Leisten (2006), the same value of K is used. This value is 

calculated as follows: 
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This value of K results in a maximum tardiness value that is fairly tight, and, as we will 

see, very difficult to satisfy in some instances. Note than in Allahverdi (2004), this K value is 

said to guarantee feasibility. However, in our experiments we observed this not to be the case. 

In our experiments, we consider several values for λ in the weighted objective function. 

More precisely, we consider λ={0.25, 0.5, 0.75, 1.0}. We avoid the case in which λ=0.0 since 

it would result in a problem that minimizes the maximum tardiness subject to a maximum 

threshold value for this maximum tardiness. We consider this case of little interest so it is 

removed from the experimental settings. 

The new proposed GA, which we refer to as SGAT does not have a natural stopping 

criterion. Therefore, we stop the algorithm when a given amount of CPU time has elapsed. 

Since bigger instances normally need more CPU time to reach good quality solutions than 

small instances, we set a maximum CPU time that depends on the instance size. This 

maximum CPU time is given with the expression n·(m/2)·t milliseconds. We will test our 

proposed GA with four different values of t, which will give us a clear picture on how the 

performance increases when more CPU time is allowed. We test four different values of t, 

i.e., t=2, 5, 20 and 60. For example, when t=2, we allow the SGAT algorithm to run for 0.5 

CPU seconds on the smaller 50×10 instances, whereas 17.5 seconds are given to the largest 

instances of 350×50 in size. We will refer to the SGAT algorithms with different running 

times as SGAT2, SGAT5, SGAT20 and SGAT60, respectively. 

As commented in Section 1, Allahverdi (2004) showed his proposed heuristic to be better 

than those of Daniels and Chambers (1990) and Chakravarthy and Rajendran (1999). A 

similar result was obtained by Framinan and Leisten (2006). However, to the best of our 

knowledge, the two heuristics of Allahverdi (2004) and Framinan and Leisten (2006) have 

not been comparatively evaluated. As a result, we compare our proposed SGAT with the 

proposed heuristic of Allahverdi (2004), referred to here as APH and with the constructive 

method of Framinan and Leisten (2006), which we refer to as FL. 

All the algorithms in this comparison, namely, APH, FL and SGAT have been coded in 

the Delphi 2007 environment. All algorithms share most auxiliary functions, including 

initialization, local search phases and objective evaluation. All computations have been 

carried out with the Delphi 2007 optimization flag enabled in a cluster of 12 PC/AT 

computers running Windows XP SP2 with Intel Core 2 Duo processors running at 2.4 GHz 

and with 1 GByte of RAM memory. 
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It has to be noted that both existing constructive heuristics (APH and FL) can be 

accelerated with the ideas presented in Section 3.3. For example, in the first phase of FL by 

Framinan and Leisten (2006), the adapted NEH heuristic of Nawaz, Enscore and Ham (1983) 

is repetitively applied. With the aforementioned accelerations we are able to significantly 

speed up this first phase. All in all, we apply accelerations to every calculation where they 

can be applied in order to speed up all algorithms. 

Lastly, APH and FL are constructive heuristics whereas SGAT (all 4 different SGAT 

executions) are stochastic. Therefore, for SGAT, five different runs are carried out for each 

instance in order to better assess the results. Considering the 540 instances in the benchmark, 

four values for λ, six methods (APH, FL, SGAT2, SGAT5, SGAT20 and SGAT60), and the 

five replicates for all SGAT algorithms we end up with 47,520 results which are now 

evaluated. 

As noted in Framinan and Leisten (2006), the results can be measured in at least three 

dimensions, quality of the solutions as regards to the objective function value, ability of the 

methods to reach feasible solutions (satisfy K values) and CPU time used. We measure all 

three dimensions for all algorithms tested. For the objective value, for any of the λ values 

tested and each instance we record the best solution obtained. Afterwards, for each result we 

measure the percentage deviation from this best known value. 

We first show tables with the average results. Afterwards we will carry out 

comprehensive statistical tests in order to support the conclusions. Table 1 shows the results 

of all the instances grouped by λ, n and m. For each algorithm we show the average relative 

percentage deviation over the best solution (RPD), the total number of cases in which the 

returned solution is infeasible as regards to K (ΣK) and the average CPU time needed, in 

seconds. The average relative percentage deviation is calculated as 

100⋅






 −=
BestSol

BestSolSol
RPD , where Sol is just the solution given by one of the tested 

methods for a given instance and BestSol is the best known solution for that instance. The 

best known solutions are just the best results observed in this paper over the course of all 

experimentations and are available upon request form the authors. 

Since the results are grouped, each cell contains all values of T-R and all instance 

replicates. Therefore, for APH and FL, each cell contains the aggregated results of 45 

instances. In the case of all the SGAT variants, five different runs are carried out per instance 

and each cell contains the aggregated outcome of 225 different results. 
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Some initial observations can be highlighted. The performance of APH and FL was 

shown by the original authors to exceed that of the earlier methods by Daniels and Chambers 

(1990) and Chakravarthy and Rajendran (1999). Here in our study we show that the 

performance of APH and FL is, on most cases, comparable. The overall average percentage 

deviation of APH over the best known solutions is 7.89% whereas that of FL is lower at 

6.13%. However, it seems that this outperformance is due to the better results of FL when 

λ=0.75 and, more specially, when λ=1.0. Recall that FL was specifically proposed for the 

case when λ=1.0 and therefore, such superiority in this case is expected. However, while the 

performance of FL in these cases in better than APH, the number of feasible solutions for FL 

drops strongly. For λ=1.0, APH’s performance is significantly below FL at 9.17 vs. 3.02. 

However, the average number of infeasible solutions for APH is 3.92, much lower than FL at 

14.42. Lastly, as regards to CPU time, we can see that APH is much faster than FL. Overall, 

APH needs 14.48 seconds on average for all tests, while FL needs 58.84. As a matter of fact, 

FL scales very poorly with instance size. For the largest instances of size 350×50, FL needs 

more than five minutes CPU time in most cases, which is almost five times more than APH. 

Probably Framinan and Leisten (2006) did not notice this poor scaling since FL was tested on 

instances of a maximum size of 50×25 in the original paper. 
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   APH   FL   SGAT2   SGAT5   SGAT20   SGAT60   

λλλλ n m RPD ΣΣΣΣΚΚΚΚ Time RPD ΣΣΣΣΚΚΚΚ Time RPD ΣΣΣΣΚΚΚΚ Time RPD ΣΣΣΣΚΚΚΚ Time RPD ΣΣΣΣΚΚΚΚ Time RPD ΣΣΣΣΚΚΚΚ Time 

0.25 50 10 10.83 0.00 0.05 10.49 0.00 0.04 2.11 0.00 0.50 1.50 0.00 1.25 0.89 0.00 5.00 0.61 0.00 15.00 

  30 9.94 3.00 0.12 9.49 3.00 0.10 2.46 3.00 1.50 1.85 2.00 3.75 1.11 2.00 15.00 0.73 1.80 45.00 

  50 8.68 9.00 0.20 7.91 9.00 0.17 2.30 7.20 2.50 1.79 6.40 6.25 1.08 5.20 25.00 0.69 4.00 75.00 

 150 10 6.50 0.00 1.21 6.75 0.00 3.45 2.69 0.00 1.50 2.12 0.00 3.75 1.17 0.00 15.00 0.42 0.00 45.00 

  30 10.72 2.00 3.23 11.01 2.00 7.66 5.44 2.00 4.50 4.29 2.00 11.25 2.27 2.00 45.00 0.92 1.60 135.00 

  50 8.88 5.00 5.25 9.42 4.00 12.48 4.63 5.00 7.50 3.68 4.40 18.75 2.05 4.00 75.00 0.89 4.00 225.00 

 250 10 3.50 0.00 5.61 4.10 0.00 26.35 1.63 0.00 2.50 1.41 0.00 6.25 0.84 0.00 25.00 0.45 0.00 75.00 

  30 7.68 0.00 14.88 8.52 0.00 51.77 3.95 0.00 7.50 3.33 0.00 18.75 1.96 0.00 75.00 0.75 0.00 225.00 

  50 7.43 2.00 24.09 7.05 3.00 85.32 3.95 2.00 12.50 3.49 2.00 31.25 2.10 2.20 125.00 0.86 2.00 375.00 

 350 10 2.42 0.00 15.47 2.95 0.00 92.29 0.85 0.00 3.50 0.65 0.00 8.75 0.48 0.00 35.00 0.29 0.00 105.00 

  30 6.22 0.00 40.83 6.44 0.00 222.69 2.45 0.00 10.50 2.30 0.00 26.25 1.52 0.00 105.00 0.77 0.00 315.00 

  50 5.82 1.00 66.34 6.51 1.00 316.71 2.42 1.00 17.51 2.25 1.00 43.76 1.67 1.00 175.01 0.69 1.00 525.01 

AVERAGES  7.39 1.83 14.77 7.55 1.83 68.25 2.91 1.68 6.00 2.39 1.48 15.00 1.43 1.37 60.00 0.67 1.20 180.00 

0.5 50 10 8.39 0.00 0.05 8.34 0.00 0.04 1.77 0.00 0.50 1.12 0.00 1.25 0.76 0.00 5.00 0.45 0.00 15.00 

  30 9.22 3.00 0.12 8.59 3.00 0.09 2.40 2.80 1.50 1.75 2.60 3.75 1.11 2.20 15.00 0.78 1.80 45.00 

  50 9.17 10.00 0.20 7.64 9.00 0.16 2.10 8.60 2.50 1.54 6.80 6.25 0.99 5.20 25.00 0.63 4.80 75.00 

 150 10 5.94 0.00 1.21 6.63 0.00 2.78 2.86 0.00 1.50 1.78 0.00 3.75 0.97 0.00 15.00 0.38 0.00 45.00 

  30 10.09 3.00 3.23 10.90 3.00 7.32 4.86 3.00 4.50 3.65 2.60 11.25 1.90 2.00 45.00 0.88 1.40 135.00 

  50 9.74 8.00 5.23 9.06 8.00 11.82 4.76 8.60 7.50 3.57 7.80 18.75 2.11 5.00 75.00 0.92 4.20 225.00 

 250 10 3.93 0.00 5.62 4.96 0.00 21.81 1.79 0.00 2.50 1.56 0.00 6.25 0.81 0.00 25.00 0.32 0.00 75.00 

  30 8.58 0.00 14.87 9.03 1.00 52.34 4.58 1.40 7.50 3.76 1.00 18.75 2.17 0.60 75.00 0.95 0.00 225.00 

  50 8.24 5.00 24.09 8.62 3.00 84.92 4.20 7.00 12.50 3.61 6.80 31.25 1.99 5.40 125.00 0.88 3.00 375.00 

 350 10 2.77 0.00 15.48 3.44 0.00 86.87 1.28 0.00 3.50 1.02 0.00 8.75 0.70 0.00 35.00 0.44 0.00 105.00 

  30 6.23 0.00 40.81 7.19 1.00 205.79 3.22 1.00 10.50 2.67 0.00 26.25 1.78 0.00 105.00 0.68 0.00 315.00 

  50 6.53 1.00 66.33 7.27 2.00 327.29 4.06 5.00 17.51 3.50 4.00 43.76 2.48 3.00 175.01 1.22 1.00 525.01 

AVERAGES 7.40 2.50 14.77 7.64 2.50 66.77 3.16 3.12 6.00 2.46 2.63 15.00 1.48 1.95 60.00 0.71 1.35 180.00 
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   APH   FL   SGAT2   SGAT5   SGAT20   SGAT60   

λλλλ n m RPD ΣΣΣΣΚΚΚΚ Time RPD ΣΣΣΣΚΚΚΚ Time RPD ΣΣΣΣΚΚΚΚ Time RPD ΣΣΣΣΚΚΚΚ Time RPD ΣΣΣΣΚΚΚΚ Time RPD ΣΣΣΣΚΚΚΚ Time 

0.75 50 10 7.47 0.00 0.05 6.41 0.00 0.04 1.49 0.00 0.50 1.14 0.00 1.25 0.71 0.00 5.00 0.50 0.00 15.00 

  30 9.17 5.00 0.12 7.41 4.00 0.09 2.27 2.80 1.50 1.58 2.40 3.75 0.93 2.00 15.00 0.70 2.00 45.00 

  50 9.65 11.00 0.20 6.84 12.00 0.16 1.96 8.40 2.50 1.48 6.40 6.25 0.93 5.20 25.00 0.58 4.80 75.00 

 150 10 6.21 0.00 1.21 5.25 0.00 2.68 2.80 0.00 1.50 2.01 0.00 3.75 1.01 0.00 15.00 0.42 0.00 45.00 

  30 9.86 3.00 3.24 8.15 5.00 6.97 4.76 5.00 4.50 3.66 4.40 11.25 1.87 2.20 45.00 1.18 1.60 135.00 

  50 9.98 12.00 5.26 7.77 14.00 11.74 3.75 13.40 7.50 2.77 8.80 18.75 1.62 5.20 75.00 0.81 4.00 225.00 

 250 10 4.50 0.00 5.62 4.19 0.00 19.73 2.71 0.00 2.50 2.10 0.00 6.25 1.10 0.00 25.00 0.50 0.00 75.00 

  30 8.44 1.00 14.91 7.22 2.00 47.86 4.30 7.80 7.50 3.55 4.60 18.75 1.93 1.00 75.00 0.99 0.00 225.00 

  50 8.48 5.00 24.17 7.19 10.00 83.95 4.00 13.00 12.50 3.36 11.00 31.25 1.93 5.60 125.00 0.82 3.20 375.00 

 350 10 3.64 0.00 15.47 3.53 0.00 77.68 1.84 0.00 3.50 1.35 0.00 8.75 0.89 0.00 35.00 0.40 0.00 105.00 

  30 6.48 0.00 40.83 5.48 0.00 186.31 3.30 4.40 10.50 2.79 2.00 26.25 1.63 0.40 105.00 0.79 0.00 315.00 

  50 7.40 1.00 66.63 6.26 5.00 302.74 3.36 12.80 17.51 2.85 8.40 43.76 1.74 3.60 175.01 0.77 1.20 525.01 

AVERAGES  7.61 3.17 14.81 6.31 4.33 61.66 3.05 5.63 6.00 2.39 4.00 15.00 1.36 2.10 60.00 0.70 1.40 180.00 

1.0 50 10 6.10 1.00 0.05 3.32 2.00 0.02 0.78 0.00 0.50 0.62 0.00 1.25 0.39 0.00 5.00 0.27 0.00 15.00 

  30 14.90 5.00 0.13 6.09 12.00 0.08 2.05 3.00 1.50 1.37 2.80 3.75 0.86 2.00 15.00 0.53 2.00 45.00 

  50 14.77 14.00 0.21 5.60 27.00 0.17 2.11 8.60 2.50 1.56 6.80 6.25 1.03 5.60 25.00 0.66 5.00 75.00 

 150 10 3.90 0.00 1.23 1.67 0.00 0.81 0.55 0.00 1.50 0.32 0.00 3.75 0.13 0.00 15.00 0.07 0.00 45.00 

  30 13.12 5.00 3.34 4.04 16.00 5.07 3.11 10.40 4.50 2.15 4.80 11.25 1.07 3.00 45.00 0.48 2.20 135.00 

  50 12.83 13.00 5.41 4.31 31.00 9.52 2.75 15.00 7.50 1.94 12.80 18.75 1.15 8.20 75.00 0.64 5.80 225.00 

 250 10 2.23 0.00 5.66 0.85 2.00 4.58 0.32 3.20 2.50 0.20 1.00 6.25 0.09 0.00 25.00 0.04 0.00 75.00 

  30 10.45 2.00 15.29 2.80 17.00 33.55 2.45 35.00 7.50 2.09 9.20 18.75 1.00 2.20 75.00 0.31 1.00 225.00 

  50 11.52 6.00 24.84 3.05 28.00 67.62 2.51 41.60 12.50 2.21 13.80 31.25 1.06 7.40 125.00 0.37 5.00 375.00 

 350 10 1.94 0.00 15.62 0.63 5.00 18.09 0.32 9.80 3.50 0.19 2.80 8.75 0.09 0.00 35.00 0.04 0.00 105.00 

  30 8.27 0.00 41.81 1.99 12.00 93.58 1.26 35.00 10.50 1.48 22.80 26.25 0.91 0.00 105.00 0.25 0.00 315.00 

  50 10.00 1.00 68.32 1.89 21.00 231.22 1.64 44.80 17.51 1.83 36.60 43.76 1.05 5.20 175.01 0.30 2.60 525.01 

AVERAGES  9.17 3.92 15.16 3.02 14.42 38.69 1.65 17.20 6.00 1.33 9.45 15.00 0.74 2.80 60.00 0.33 1.97 180.00 

TOTAL 

AVERAGES 7.89 2.85 14.88 6.13 5.77 58.84 2.69 6.91 6.00 2.14 4.39 15.00 1.25 2.05 60.00 0.60 1.48 180.00 

 

Table 1: Results of the existing heuristics and the new proposed genetic algorithm. Average relative deviation from best solution (RPD), Total number of feasibility 

violations (ΣΣΣΣK) and total CPU time, in seconds. Results grouped by λλλλ, n and m. 
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The results of the SGAT with the different CPU stopping times are consistently better 

than those of APH and FL. Let us focus first on SGAT2, which is the fastest variant. We can 

see that the average percentage deviation results are already much better than APH and FL at 

a 2.91% for λ=0.25, about 2.5 times better than both APH and FL. At the same time, the 

average CPU time needed is also about 2.5 times lower than APH and more than 10 times 

lower than FL. Lastly, the average number of infeasible solutions for SGAT2 is also a bit 

lower than APH and FL. To conclude, for λ=0.25, the fastest SGAT, is better on all three 

dimensions than the existing heuristics. Notice that with increased CPU times, as is the case 

with SGAT5 or SGAT20, results improve further. SGAT5 has average CPU time requirements 

comparable to those of APH and SGAT20 to those of FL. Obviously, the best results are 

obtained with SGAT60 and the differences with SGAT20 indicate that the algorithm has still 

room for improvement. 

However, SGAT2 and SGAT5 show some problems as regards to the number of feasible 

solutions with larger values of λ. As we can see, for λ=1.0, SGAT2 gives an average number 

of 17.20 infeasible solutions. Furthermore, the problems are more present with larger 

instances. These problems disappear when more CPU time is allowed. As a matter of fact, 

SGAT20 and SGAT60 show the strongest results in this dimension. The problem with SGAT2 

in this case is clear: SGAT is a general algorithm and does not have specific techniques to 

reach feasibility as APH or FL do. As a result, reaching feasibility for large instances in a 

very limited CPU time is difficult. Notice that for λ=1.0 the objective function is reduced to 

makespan minimization and after 50% of the allowed CPU time has passed, the algorithm 

reverts to makespan minimization alone and thus the large number of infeasible solutions. 

In Table 2 we now show the same results of Table 1 but this time grouped by T-R values. 

The total CPU time of APH and all SGAT variants are not affected by T-R and therefore not 

shown in the table (they are almost equal to the total averages of Table 1). FL times do 

depend on T-R and are therefore displayed. 

Several interesting conclusions can be drawn from Table 2. First of all, all algorithms find 

less feasible solutions as the value of λ increases. Secondly, for λ=0.25 and λ=0.5 all 

infeasibilities are caused when R=0.2. Clearly, a tight distribution of due dates and a tight K 

value result in many infeasible solutions. For larger values of λ, there are some infeasible 

cases also for larger R values. This is due to the additional weight in the makespan 

minimization. 
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   APH  FL   SGAT2  SGAT5  SGAT20  SGAT60  

λλλλ T R RPD ΣΣΣΣΚΚΚΚ RPD ΣΣΣΣΚΚΚΚ Time RPD ΣΣΣΣΚΚΚΚ RPD ΣΣΣΣΚΚΚΚ RPD ΣΣΣΣΚΚΚΚ RPD ΣΣΣΣΚΚΚΚ 

0.25 0.2 0.2 7.78 7.00 7.80 8.00 44.60 3.53 5.40 2.79 5.00 1.61 4.60 0.76 4.00 

  0.6 13.14 0.00 13.08 0.00 72.42 4.41 0.00 3.61 0.00 2.08 0.00 0.85 0.00 

  1 9.55 0.00 10.62 0.00 84.06 3.40 0.00 2.77 0.00 1.69 0.00 0.74 0.00 

 0.4 0.2 4.87 9.00 4.87 9.00 41.47 2.23 9.00 1.80 8.80 0.97 8.60 0.47 7.40 

  0.6 7.96 0.00 7.75 0.00 76.26 3.15 0.00 2.64 0.00 1.58 0.00 0.72 0.00 

  1 7.22 0.00 7.06 0.00 87.60 3.04 0.00 2.56 0.00 1.66 0.00 0.98 0.00 

 0.6 0.2 3.88 6.00 4.50 5.00 42.10 1.83 5.80 1.48 4.00 0.88 3.20 0.38 3.00 

  0.6 5.45 0.00 5.85 0.00 75.39 2.07 0.00 1.65 0.00 0.97 0.00 0.49 0.00 

  1 6.62 0.00 6.45 0.00 90.39 2.50 0.00 2.19 0.00 1.40 0.00 0.67 0.00 

AVERAGES 7.39 2.44 7.55 2.44 68.25 2.91 2.24 2.39 1.98 1.43 1.82 0.67 1.60 

0.5 0.2 0.2 5.60 9.00 5.50 12.00 45.22 2.97 13.00 2.29 9.80 1.42 7.00 0.65 4.60 

  0.6 9.86 0.00 10.90 0.00 71.89 5.06 0.00 3.91 0.00 2.16 0.00 1.09 0.00 

  1 10.89 0.00 11.64 0.00 80.57 2.56 0.00 1.89 0.00 1.06 0.00 0.47 0.00 

 0.4 0.2 4.76 12.00 3.92 12.00 42.48 2.48 13.00 1.84 11.80 1.03 10.00 0.53 8.60 

  0.6 6.57 0.00 7.30 0.00 75.94 3.98 0.00 3.02 0.00 1.85 0.00 0.77 0.00 

  1 10.28 0.00 10.32 0.00 92.06 2.63 0.00 2.15 0.00 1.33 0.00 0.68 0.00 

 0.6 0.2 4.25 9.00 3.64 6.00 44.53 2.09 11.40 1.67 10.00 0.97 6.40 0.36 3.00 

  0.6 5.69 0.00 5.94 0.00 72.03 2.75 0.00 2.21 0.00 1.34 0.00 0.62 0.00 

  1 8.72 0.00 9.59 0.00 76.21 3.89 0.00 3.18 0.00 2.16 0.00 1.21 0.00 

AVERAGES 7.40 3.33 7.64 3.33 66.77 3.16 4.16 2.46 3.51 1.48 2.60 0.71 1.80 

0.75 0.2 0.2 5.87 12.00 4.37 22.00 48.79 2.99 24.80 2.17 15.00 1.12 7.20 0.45 4.80 

  0.6 8.63 0.00 7.41 0.00 60.39 3.36 0.00 2.59 0.00 1.38 0.00 0.71 0.00 

  1 10.34 0.00 9.21 0.00 67.68 3.15 0.00 2.52 0.00 1.45 0.00 0.73 0.00 

 0.4 0.2 5.31 14.00 3.47 15.00 50.40 2.55 22.80 2.01 18.20 1.06 12.40 0.51 8.80 

  0.6 7.82 0.00 6.60 2.00 68.33 3.54 0.00 2.81 0.00 1.67 0.00 0.88 0.00 

  1 9.97 0.00 8.45 0.00 76.24 2.96 0.00 2.35 0.00 1.50 0.00 0.86 0.00 

 0.6 0.2 4.53 12.00 3.43 12.00 43.38 2.15 20.00 1.65 14.80 0.89 5.60 0.43 3.20 

  0.6 7.26 0.00 5.86 1.00 70.95 3.14 0.00 2.40 0.00 1.34 0.00 0.67 0.00 

  1 8.72 0.00 7.98 0.00 68.80 3.56 0.00 2.98 0.00 1.83 0.00 1.11 0.00 

AVERAGES 7.61 4.22 6.31 5.78 61.66 3.05 7.51 2.39 5.33 1.36 2.80 0.70 1.87 

1.0 0.2 0.2 6.10 16.00 2.70 34.00 38.92 2.20 30.60 1.75 18.40 0.93 9.80 0.48 7.20 

  0.6 9.94 0.00 3.29 18.00 37.51 1.38 17.60 1.18 6.40 0.64 0.00 0.28 0.00 

  1 11.78 0.00 2.99 9.00 42.98 1.37 19.80 1.13 9.40 0.64 0.00 0.25 0.00 

 0.4 0.2 6.34 17.00 2.62 35.00 41.87 2.31 34.20 1.84 22.60 0.97 12.40 0.53 11.20 

  0.6 9.46 0.00 3.14 14.00 35.04 1.42 19.80 1.16 9.20 0.69 0.00 0.25 0.00 

  1 11.86 0.00 3.22 9.00 40.94 1.36 18.20 1.15 8.60 0.60 0.00 0.21 0.00 

 0.6 0.2 5.74 14.00 2.69 31.00 35.40 2.11 28.80 1.45 21.80 0.87 11.40 0.42 5.20 

  0.6 10.13 0.00 3.29 20.00 38.33 1.39 19.20 1.21 8.80 0.68 0.00 0.26 0.00 

  1 11.18 0.00 3.24 3.00 37.25 1.35 18.20 1.11 8.20 0.60 0.00 0.27 0.00 

AVERAGES 9.17 5.22 3.02 19.22 38.69 1.65 22.93 1.33 12.60 0.74 3.73 0.33 2.62 

TOTAL 

AVERAGES 7.89 3.81 6.13 7.69 58.84 2.69 9.21 2.14 5.86 1.25 2.74 0.60 1.97 

 

Table 2: Results of the existing heuristics and the new proposed genetic algorithm. Average relative deviation 

from best solution (RPD), Total number of feasibility violations (ΣK) and total CPU time, in seconds. Results 

grouped by λ, T and R. 
 

We are also interested in checking if all the previously reported average values are 

statistically significant. In order to do so we feed all data into a design of experiments (DOE) 
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setting where λ, n, m, T, R, and the type of algorithm are considered as factors that affect the 

response variable. An ANOVA with maximum two factor interactions is calculated. With 

such a large dataset, it is expected that all three hypotheses of the ANOVA technique are 

fulfilled. More precisely, we checked the residuals of the experiment and came to the 

conclusion that the normality, homocedasticity and independence hypotheses could be easily 

accepted. The most interesting plot that can be obtained is the interaction between the value 

of λ and the type of algorithm. Figure 2 shows this means plot with Tukey’s confidence 

intervals at a 99.9% confidence level. Recall that overlapping confidence intervals mean that 

there are no statistically significant differences between the plotted means with the given 

confidence. Moreover, Tukey’s intervals already counteract the bias in multiple pairwise 

comparisons (for more details, see Montgomery (2005). 
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Figure 2: Means plot and Tukey’s HSD confidence intervals (at 99.9% confidence) for the interaction between λ 
and the type of algorithm. 

 

As we can see, most averages of Table 1 and Table 2 are statistically significant as the 

confidence intervals do not overlap. This plot clearly shows how APH deteriorates slightly as 

λ increases. Similarly, FL, designed for λ=1.0 improves very fast with increasing λ values. 

However, even the fastest SGAT (SGAT2) is statistically better than FL for λ=1.0. From this 

plot it is clear that the proposed GAs are now state-of-the-art with respect to both problems 

considered in this paper. 
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5. Conclusions and future work 

In this paper we have studied the flowshop scheduling problem with a complex bicriteria 

objective function: the minimization of a weighted sum of makepan and maximum tardiness 

subject to a maximum threshold value K for the tardiness. We have presented a global and a 

local dominance relation for the three machine case. Furthermore, we have proposed a new 

type of fast and effective genetic algorithms for the more general m-machine scenario. The 

new genetic algorithms include a three-phase fitness evaluation method specially targeted at 

dealing with populations that might contain infeasible individuals. Comprehensive 

computational and statistical experiments demonstrate that the proposed methods yield much 

better solutions than the two best existing heuristics of Allahverdi (2004) and Framinan and 

Leisten (2006). Furthermore, the proposed GAs are also faster and able to find more feasible 

solutions. Contrary to the existing heuristics, which are constructive in nature, the proposed 

methods can be run for longer periods of CPU time and thus even better solutions are 

possible. 

One possible extension to the problem studied in this paper is to consider the problem 

with respect to other objective functions such as job waiting time variance (e.g., Li et al., 

2007) or an objective function taking into account early and tardy penalties (e.g., Valente, 

2007). In this paper, it is assumed that setup times are included in processing times. This 

assumption is valid for some scheduling environments. However, the assumption may not be 

valid for some other scheduling environments, e.g., Yu et al. (2007), Allahverdi et al. (2007), 

Hendizadeh et al. (2007). Therefore, another possible extension is to consider the problem 

addressed in this paper with setup times. Yet another possible extension to the problem 

addressed in this paper is to consider a hybrid flowshop where at each state there might be 

more than a single machine available, e.g., Ben Hmida et al. (2007). 
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