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ABSTRACT 

In this paper a non-parametric quality control chart for the process mean, 

based on the Empirical Likelihood technique, is proposed. This chart is 

compared with the Shewhart’s control chart, the EWMA chart and other two 

non-parametric charts [Bootstrap and WV chart of Bai and Choi (1995)], 

trough the difference between the observed in-control ARL and the required 

one, and trough the performance for detecting process shifts. The results 

show that the proposed EL control chart has a good performance for 

matching the specified in-control ARL, regardless of the true distribution of 

the monitored quality variable. 
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1. Introduction 

The X control chart of Shewhart (1931) is the most widespread method to control the 

process mean, m, of a quality variable, X . Essentially, it is based on control limits for 

the sample mean, X , which are calculated under the assumption that X  has Normal 

distribution. This assumption, however, is not always met [Devor, Chang and 

Sutherland (1992) and Montgomery (2001)]. The main consequence of lack of 

normality is that the probability of false alarm may be higher than the nominal level, α , 

with the risk that the process is stopped more frequently than expected [Shilling and 

Nelson (1976)]. Furthermore, small sample sizes are commonly employed in Statistical 

Processes Control (SPC) and, therefore, the true distribution of X  is not at least 

approximately Normal in some cases.  

 

Several proposals have been made to control the mean of a quality variable with non-

normal distribution. The first proposals, Ferrell (1958) and Nelson (1979), are 

parametric, in the sense that they are based on the assumption that X  follows, 

respectively, the Lognormal and the Weibull distributions. Later, Kittlitz (1999) studied 

the transformation of the exponential distribution to employ a control chart based on the 

transformed data. However, these approaches are not completely satisfactory since the 

true distribution of X  has still to be matched. More recent approaches are of non-

parametric type. Two of them seem particularly interesting and will be reviewed in this 

paper. The first is due to Bajgier (1992) who proposed to find control limits for the 

sample mean through a bootstrap method [Efron (1982, 1993)]. This approach has been 

refined in several directions by Legger, Politis and Roman (1992), Seppala, Moskowitz, 

Plante and Tang (1995) and Liu and Tang (1996). Jones and Woodall (1998) concluded 

that the Bootstrap control charts seem to be adequate for extremely skewed 

distributions. The second nonparametric approach that will be dealt with here is due to 

Bai and Choi (1995) who proposed a heuristic method for the construction of X  control 

charts which is tailored to deal with skewed distributions and that has performance 

comparable to the X  Shewhart’s chart when the distribution is symmetric.  
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Other relevant methods are Alloway and Raghavachari (1991), who proposed a control 

chart based on the estimator of Hodges Lehmann (1963) and showed that its 

performance is better than that of the Shewhart one, especially when the true 

distribution of X  is symmetrical and has heavy tails. An improvement of this technique 

is showed in Pappanastos and Adams (1996). Willeman and Runger (1996) proposed a 

nonparametric control chart based on the empirical distribution that requires a large 

sample. Vermaat, Ion Does and Klasen (2003) dealt with the case of a singly 

observation for any sample. The classic control chart based on the Average of Moving 

Ranges (AMR) is compared with the chart based on Empirical Quantile (EQ), the 

Kernel and the Extreme Value Theory control charts. It was found that if the 

distribution of the observations is normal, the AMR control chart has an performs 

adequately, but in the case of  non normality its performance gets considerably worst 

and the best strategy in that case is to consider another type of chart based on parametric 

tests. Finally, a review of nonparametric control charts and a motivation for its study 

and research can be found in Chakraborti, Van Der Laan and Bakir (2001). On the other 

hand, the EWMA control chart was introduced as a better alternative to detect small 

process shifts, in comparison with X  chart, Hunter (1986). 

 

The aim of this paper is to develop a non-parametric control chart based on Empirical 

Likelihood (EL), a nonparametrical statistical method recently proposed by Owen 

(1988, 1990, 2001). The objective is to obtain a chart with good performance for 

different sample sizes and distribution of quality variables, and therefore, when the 

process is considered in an in-control state, to obtain the desired in-control ARL. This 

objective should be reached with relatively small amount of data in Phase I. 

 

The paper is organized as follows. In the next Section we review some basic concepts 

on SPC for process mean. Then, in the following Section, we outline the concepts on the 

Empirical Likelihood method and we show how the Phase I observations can be used to 

calibrate the EL control chart. Later we show the performance of our approach in 

comparison to the X  and EWMA control charts, as example of parametric charts, and 
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against the WV chart [Bai and Choi (1995)] and Bootstrap [Bajgier (1992)], as 

examples of nonparametric charts. Next Section deals with the performance of the EL 

chart to detect process shifts. An example of application is shown and finally, a 

summary of the main conclusions obtained in this article will be exposed.  

 

2. Preliminary concepts 

Let n be the sample size employed to monitor the process. We will deal with the case in 

which there is a Phase I [Montgomery (2001)] consisting of m  samples, so that we have 

m n⋅  observations from the in-control process which will be denoted by ijx , mi ,,1…= , 

nj ,,1…= . In this context, the control limits for the Shewhart chart for the mean, μ , 

are given by  

/ 2 /LCL X z s nα= − ,     / 2 /UCL X z s nα= +           (1) 

where X  is overall sample the mean of the m n⋅  data from Phase I, s is the standard 

deviation and 2/αz  is the 2/100α -th percentile of the standard Normal distribution. 

These limits will be used in Phase II to control the process. 

 

The performance of a control chart is usually measured employing the ARL (Average 

Run Length), the mean number of points until an out-of-control signal is obtained. In 

the charts we are considering in this paper, the out-of-control signal is a point plotted 

outside the control limit(s). The design of a control chart normally specifies a large in-

control ARL (ARL when the process is in an in-control sate) and the chart should detect 

a process shift quickly (showing a small out-of-control ARL). 

 

For the EWMA control chart, Hunter (1986), we define the vector-accumulations of the 

observations as ( ) 11i i iZ rX r Z −= + − , for i = 1, 2, … where 0 1r< ≤  is the smoothing 

parameter, and the starting value is 0 0Z m= , the mean when the process is in an in-
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control state.  The LCL and UCL are given by UCL = 0m + L·
r

rn
−2

·0σ  LCL = 

0m - L·
r

rn
−2

·0σ , where 0σ  is the standard deviation of the variable when the 

process is in-control, and where L and r are selected to obtain a given in-control ARL. 

However, infinitive combinations of L and r are possible. In this paper, the values of L 

and r are obtained to maximize the performance of the EWMA chart to detect a shift of 

size 0.5 sigma units, employing the software developed by Aparisi and García-Díaz 

(2003).  

 

The Bootstrap control chart proposed by Bajgier (1992) exploits the information 

collected in Phase I to find control limits as follows: 

1. Draw with replacement n observations, **
2

*
1 ,...,, nxxx , from the m⋅n 

available data in Phase I; 

2. compute the mean of the sample above, *x ; 

3. perform the two previous operations for a suitable number of times, B, 

and so obtain the empirical distribution of the sample mean, **
2

*
1 ,...,, Bxxx ; 

4. The LCL and UCL are given respectively by the 2/100α -th and the 

)2/1(100 α− -th percentiles of the resulting empirical distribution. 

 

In the case of the WV chart, Bai and Choi (1995), the computation of the control limits 

is very similar to the X chart, excepts that they are asymmetric:  

/ 2 2(1 )sLCL X z Px
nα= − − ,     / 2 2sUCL X z Px

nα= +  (2) 
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where Px is the proportion of observations in Phase I, ijX , less than or equal to the 

overall mean X . 

 

 

3. Empirical Likelihood 

An effective non-parametric method for making inference on the mean μ  of a 

continuous distribution is the Empirical Likelihood (EL) method introduced by Owen 

(1988); see also Owen (1990) and Owen (2001). It is based on the non-parametric 

likelihood 

i
xi ii

L πμ
π∑

=
:
max)(
π

                                         (3) 

where )',,( 1 nxx …=x  is the observed sample and )',,( 1 nππ …=π . )(μL  is in 

practice the profile likelihood for μ  of a multinomial model that places a mass 

probability iπ  on any data point ix . Note that this function reaches its maximum value, 

nn− , only when μ  equals the sample mean X  and so it is possible to use the non-

parametric likelihood ratio test statistic 

:

( )( ) max
( ) i ii

i
x

LR n
L X π

μμ π= =
∑π

                          (4) 

for making inference on μ .  

 

In order to define the rejection area for the EL test, the following procedures are 

available. In first place, when the true value of the population mean is 0μ  and very mild 

conditions hold, )(log2 0μR−  has asymptotic 2
1χ  distribution regardless of the true 

population distribution. This extension of the Wilks (1938) Theorem, introduced by 

Owen (1988), allows to compute very easily p -values and cutoff points for )(μR  

when the sample is size is large enough ( 2χ  calibration).  Another possible calibration 
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can be determined starting from the F distribution of Fisher with 1 and n-1 degrees of 

freedom (F calibration), being both, the 2χ  and the F calibrations equivalent when 

n ∞→ . However, we have checked that the convergence is not fast enough to legitimate 

the use of these calibrations methods in SPC, where the sample size is habitually very 

small.   

 

For small samples, instead, a bootstrap calibration is required (Owen, 2001, Sec. 3.3); it 

is based on the computation of the statistic ( )R X  for a suitable number of samples 

drawn with replacement from the observed one. This procedure consists in computing, 

for a suitable number of bootstrap samples, Bxx ,,1 … , the statistic ( )R X . Then, 

following Davison and Hinkley (1997, Sec. 4.4), the p -value for the observed value of 

( )R μ  may be estimated as 1 ( ) /( 1)bb
p I r r B= + ≤ +∑ , where )(⋅I  is the indicator 

function and br  is the value of ( )R X  for the b-th bootstrap sample. Accordingly, αr  

may be found as the value of r  such that p = α. This may be obtained as the smallest 

b̂ -th value of Brr ,,1 … , denoted by brˆ , where 1)1(ˆ −+= Bb α . 

 

The user of EL should be aware of the so-called Convex Hull problem (Owen, 2001, 

sec. 3.14) that often arises in small samples and consists of that the mean under the null 

hypothesis is outside the convex hull of the data, i.e., there does not exist any vector of 

weights π  such that ∑=
i

iix πμ . Therefore, the test statistic for μ  cannot be computed 

and this sample may not be tested. As in SPC small sample sizes are very common, we 

propose an easy solution to overcome this problem. Each time the Convex Hull problem 

occurs the value of ))(log(2 μR− is substituted with
2

2

( )
/

X
s n

μ−  (Owen, 2001, sec. 11.2), 

as both values are asymptotically equivalent. The goodness of this proposal has been 

checked, obtaining better performance in the EL chart when this substitution is 

employed. 
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4. Empirical Likelihood control chart 

The EL quality control chart for the population mean that it is proposed in this paper is 

based, as we have commented, in the method of non-parametric inference Empirical 

Likelihood. We can distinguish two phases in its construction, equivalent to Phases I 

and II in the Shewhart’s control chart. In Phase I we estimate the unique control limit, 

using Empirical Likelihood with Bootstrap resampling calibration that will allow, in 

general, to compute with enough accuracy this limit; in Phase II, it is calculated for each 

sample of observations 2log( ( ))R X− , value that will be compared with the control limit 

to decide if it can be accepted that the process is in-control. A detailed description of the 

construction of the chart follows (figure 1):  

[INSERT FIGURE 1 OVER HERE] 

Phase I: estimation of the control limit.  

• A Bootstrap procedure is applied to the m n⋅  observations, drawing with 

replacement B random samples of size n from the observed one. 

• For each Bootstrap samples, ))(log(2 ** XRC bb −=  is calculated; so the 

order set (1) (2) ( )BC C C≤ ≤ ≤…  is obtained. 

• The unique control limit is computed as the percentile (1-α )% of the 

previous values, using a Kernel smoother [Chou, Mason and Young (2001)] to 

find the α  cutoff point, being α  the desired probability of false alarm.  

Once the control limit and the rejection region of the chart are found, we can proceed to 

Phase II.  

Phase II:  

For each new sample of size n the ( )R X  value is calculated and 2 log( ( ))R X−  is 

plotted in the chart. If 2 log ( )R X CL− > , it is rejected that the process is an in-control 

state.  
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5. Analysis of Performance 

 In order to study the performance of the EL control chart, a comparison with the rest of 

the considered charts ( X  of Shewhart, EWMA, WV and Bootstrap) is carried out 

trough a simulation experiment. The following cases have been considered: 

 

I. Distributions of the variable: samples coming from distributions standard 

Normal, t of Student with 3 degrees of freedom and Gamma(1.5, 20) has been 

simulated. Also, some possible mixtures among populations has been 

considered through the distributions symmetrical bimodal [50% N(0,1) and 

50% N(4,1)] and the distribution asymmetric bimodal [95% N(0,1) and 5% 

N(4, 1/3)].  These bimodal distributions are often used in biological and 

chemical industry, Faddoul et al. (1996). In this way we take into account, 

besides the normal distribution, a symmetrical distribution not normal, an 

asymmetric distribution, and two bimodal distributions. The Figure 2 shows 

the utilized distributions.  

 

[INSERT FIGURE 2 OVER HERE] 

 

II. Amount of sample information in Phase I: we will use in a combined way m 

samples of size n, considering the values m n⋅  = 20, 50, 100 and 300 . That is 

to say, we consider the case in which we only have 20 observations in the 

Phase I to obtain the control limit, up to 300 observations in Phase I.  

III. Sample sizes in Phase II: for this comparison the following values of sample 

size are employed: n = 3, 5 and 10.  

IV. In-control ARL: we consider the cases in-control ARL = 333.3 (α = 0.003) 

and in-control ARL = 200 (α = 0.005). In this article we present the tables of 
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results when in-control ARL = 200. The tables with the results for in-control 

ARL = 333.3 are available from the authors, where all the conclusions are very 

similar.  

 

To obtain the control limit of the EL control chart B = 2000 Bootstrap samples of size n 

were employed applied to the m n⋅  initial data. The Matlab® functions used to make 

the simulations are available from the authors upon request. Tables 1 to 4 show the in-

control ARLs obtained by simulation. The asterisked values are the closest to the 

theoretical value desired for a given case.  For the four charts considered, these ARLs 

are the average of 100 simulated charts, having each one 10000 points obtained via 

simulation of Phase II, after computing the control limit(s) in Phase I.  

[INSERT TABLE 1 OVER HERE] 

[INSERT TABLE 2 OVER HERE] 

[INSERT TABLE 3 OVER HERE] 

[INSERT TABLE 4 OVER HERE] 

After considering Tables 1 to 4 the following conclusions can be obtained. In first place, 

Table 1 (the case of having only m n⋅ = 20 data in Phase I) shows that all the charts 

considered have a poor performance. This is a logical consequence of having such a few 

information available in order to obtain a precise estimation of the control limit(s). 

However, the EL control chart shows a consistent better performance for the majority of 

the cases studied. The empirical in-control ARL values obtained for this chart ranges 

from 34.13 to 84.75. Although these results are unsatisfactory, in the majority of the 

cases they are better in comparison against the rest of charts. For example, the in-control 

ARL values of the Bootstrap chart ranges from 15.41 to 53.19, the WV chart varies 

from 14.24 to 227.78. The empirical in-control ARL for de EWMA chart obtains its 

smallest value, 2.38, when the distribution is symmetric bimodal and  n = 10, and the 

maximum value is 62.39 when n = 3,  for the same distribution. The X  chart shows a 

good performance when the symmetric bimodal distribution is simulated for n = 3, 

having an in-control ARL equals to 147.06. In general, considering also Tables 2 to 4, 
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the X  chart shows a good performance for this distribution, even better than with the 

Normal distribution.  The X  chart outperforms all the charts for the case of n = 3 and 

Normal distribution in all the Tables. The WV chart shows the closet ARL value to 200 

when n = 5 and the symmetric bimodal distribution is employed. However, for the rest 

of cases, the EL control chart obtains the best approximations to the theoretical ARL 

value (12 of the 15 cases studied). 

 

When more data are available in Phase I, m n⋅ = 50 (Table 2) again the EL control chart 

is, in general, the chart that produces in-control ARL values closer to the theoretical 

ARL = 200 but, as we may expect, obtaining better performance than in the case m n⋅  = 

20. For the same cases cited before, the X chart outperforms the EL chart. Again the 

WV chart is the best option when n = 5 and the symmetric bimodal distribution is used. 

When sample sizes are n = 5 or n = 10 the EL chart performs better than when n = 3, 

independently of the distribution considered. The EL chart is the best option in 11 out of 

of the 15 cases considered. 

 

The case m n⋅ = 100 is considered in Table 3. The X  chart shows again a better 

performance when the distribution considered is the symmetric bimodal, when the 

Phase II sample size is 3n = , or the Normal distribution when n = 3. If the observations 

are obtained from a Gamma(1.5, 20) distribution, the EWMA control chart shows the 

closest in-control ARL value, ARL=197.33. In this Table, the WV charts is the best 

option when n = 10 and the data is distributed as a symmetric bimodal. For the rest of 

cases, the EL control chart clearly outperforms the other charts. It is necessary to 

comment the bad and very similar performance of X , WV, Bootstrap and EWMA 

charts for the case of the t3 distribution. These charts obtained always an empirical in-

control ARL values from 20 to 50 for all the cases, whilst the EL chart performs better. 

Again, the results for the EL control chart are better when n = 5 or n = 10. The EL chart 

is the best option in 11 out of the 15 cases considered in this Table. 
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Finally, in Table 4, the amount of data available in Phase I is quite large, m n⋅ = 300. 

The EL chart is the best option in 11 out of the 15 cases considered, with in-control 

ARL values ranging from 144.93 to 181.82. Even in the case of normality the X  

control chart does not obtain the closest values to the desired ARL = 200, although the 

differences with the best alternatives are small. However, it is the best option when n = 

10 and for the symmetric bimodal distribution. The WV chart is the best alternative 

when n = 5 and the G(1.5, 20) distribution is simulated, with an in-control ARL equals 

to 181.82. The EWMA chart shows the best performance for the t3 distribution when n 

= 3 and for the Normal distribution when n = 10. A special case is the behavior of the 

EWMA chart when the data come from a symmetric bimodal distribution. In all the 

cases studied (see all the Tables), this chart shows a poor performance, with very low 

in-control ARLs.  

 

As a general conclusion, it seems that the EL control chart proposed on this paper is a 

quite reliable control procedure when the distribution of the variable is not known or it 

is not Normal, although a minimum amount of data (about m n⋅  ≥ 100) is necessary in 

Phase I.  

 

6. Performance for Shift Detection 

In this section the performance of the EL control chart is studied when there is a shift in 

the process mean during Phase II. In addition, the X , EWMA, Bootstrap and WV charts 

are included in this study. It is important to outline the problem that arises when 

comparing the effectiveness of several charts for detecting process shifts, like, in this 

case, the in-control ARL values are not the same for all of them. In principle, this 

comparison is only possible in the case of having all the charts the same in-control ARL 

values. If this does not happen, the comparison is not fair, because it is favored to those 

schemes that have lower in-control ARL values. Therefore, we could obtain as a result 

that a control chart is more efficient when detecting a process shift, but, in the reality, 

this situation is obtained as a consequence of not having obtained the desired in-control 
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ARL value, but a lower one, producing more false alarms when the process is in-

control. Despite of this problem, we have carried out this study for the following 

reasons. In first place, it should be kept in mind that the user of a chart applied to 

control an unknown distribution does not know the value of the ARL value, neither the 

effectiveness when detecting shifts. In this section, we show the performance of some 

charts in front of some well-known distributions. In second place, although the results 

shows that the EL control chart obtains empirical in-control ARL values closer to the 

required one, it is necessary to check that this chart has the ability of detecting process 

shifts.  

 

Finally, by means of this study we want to show another of the present problems in the 

charts studied. It is the asymmetric performance with regard to the direction of the shift. 

For example, when the distribution is normally distributed, the effectiveness of the X  

Shewhart control chart is studied in function of the shift measure 1 0 0/d m m σ= − , 

where m1 is the mean when the process is out-of-control. The results commonly are only 

shown for positive values of d. In this case, this approach is correct, as its effectiveness 

does not depend on the direction of the shift, that is to say, it is the same performance 

for m1 = 0 0m dσ± . However, when the distribution of the quality characteristic is not 

symmetrical, the study of the effectiveness of the chart depends on the direction of the 

shift. 

 

Figure 3 shows a histogram with the values of X  when simulating a quality control 

chart with data coming from a Gamma(1.5, 20), histogram obtained with 10000 samples 

of size n = 5 . In the same figure the control limits obtained in the usual way (3-sigma 

criteria) are shown. As it can be observed, as the original distribution is right skewed, 

the distribution of the sample mean values, with this sample size, it is also right skewed. 

The right tail of the distribution is practically the one that provides the empirical value 

of probability of the Type I error. As it is easy to check, the control chart detects with 

more probability increments in the mean of the variable (figure 4) than decrements. This 
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situation is reflected in the following tables, Tables 5 and 6, where positive and negative 

shifts are considered.  

[INSERT FIGURE 3 OVER HERE] 

[INSERT FIGURE 4 OVER HERE] 

[INSERT TABLE 5 OVER HERE] 

[INSERT TABLE 6 OVER HERE] 

 

The results that are showed in the Tables 5 and 6 are for the case m n⋅  = 300 

observations in Phase I to calculate the control limit(s) and samples of size n = 3 and 10 

are employed during Phase II. The desired in-control ARL is 200.  Tables show the 

empirical in-control ARL value obtained from previous tables when d = 0 and the 

empirical ARL values when there is a shift d ≠ 0, where the new mean m1 is m1 = 

0 0m dσ± . In order to compute the ARL values the same procedure as in the in-control 

scenario was followed (average of 100 simulated charts, having each one 10000 points 

obtained via simulation of Phase II, after computing the control limit(s) in Phase I). 

  

The following conclusions can be obtained from the tables. The X  control chart, as 

outlined before, has a no symmetric performance for asymmetric distributions. This 

different performance is only important for small process shifts (d = 0.2 and 0.5). For 

example, Table 5, for the distribution Gamma(1.5, 20) we obtain a value of ARL equals 

to 43.86 for d = 0.2, and 121.95 for d = -0.2. Following the same case, a value of ARL 

equals to 21.23 for d = 0.5, and 117.64 for d = -0.5 are obtained. When the sample size 

increases, Table 6, this difference tends to be smaller. Again with the distribution 

Gamma(1.5, 20), we obtain ARL = 8.43 for d = 0.5 and ARL  = 9.82 when d = -0.5.  

For symmetric distributions, as we expected, the performance is equivalent. Due to the 

procedure followed to compute the control limits, the WV control chart obtains a similar 

performance in comparison with the X  chart. On the other hand, the Bootstrap control 

chart has also similar behavior, not having symmetric behavior for the asymmetric 

distributions. The performance of the EWMA control chart is similar to the other charts 
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considered. This chart does not show a symmetric behavior for the asymmetric 

distributions, although the differences in the ARL values are less important when d  

increases. For example, for n = 3 and Gamma(1.5, 20) distribution, ARL(d = 0.2) = 

51.92 and ARL(d = -0.2) = 23.73.  However, ARL(d = 1.5) = 2.84 and ARL(d = -1.5) = 

2.96 are very similar values. Now, if we consider the asymmetric bimodal distribution, 

for the same sample size, we obtain that ARL(d = 0.5) = 18.32  and ARL(d = -0.5) = 

7.25, showing again the asymmetric performance of this chart. 

 

For symmetric distributions the EL control chart shows a symmetric performance. For 

example, from Table 5, t3 distribution, ARL(d = 0.5) = 82.64, and ARL(d = -0.5) = 

85.47. As it is expected, this chart increases its performance to detect shifts as the shift 

magnitude and/or the sample size increases. For example, following with the t3 case, the 

ARL(d = 1) = 29.50  for n = 3 and ARL(d = 1) = 4.08 for  n = 10. Although the in-

control ARL values are not the same for the cases n = 3 and n = 10, as the in-control 

ARL value for n = 3 is smaller, it is possible to conclude that the performance is better 

when the sample size increases. For the asymmetric distributions studied, Gamma(1.5, 

20) and asymmetric bimodal, the EL control chart also shows an asymmetric 

performance. As occurs with the rest of charts, this problem is less important for the 

case n = 10. For n = 10 and in the case of the asymmetric bimodal distribution, the 

difference is only important for small shifts. 

 

As we commented above, it is not possible to make a performance comparison among 

the charts to detect process shifts, if they do not have the same probability of false 

alarm. However, the reader can check the global performance of the charts studied here 

in function of the different distributions studied. Nevertheless, it is very important to 

check that the EL control chart defined in this paper has the ability of detecting process 

shifts, i. e., it shows lower ARLs when the magnitude of the process shift increases, and 

it can detect large process shifts employing few samples. Considering Tables 5 and 6, it 

is possible to check that the EL control chart can detect large process shifts quickly, 

even in the cases when the in-control ARL is close to the required value of 200. For 
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example, for the Normal distribution, the out-of-control ARLs for a shift d = 2 are 4.56 

for n = 3 and 1.00 for n = 10.  In the case of the  t3 distribution, the out-of-control values 

for d = -2 are 2.46 for  n = 3, and 1.01 for n = 10. 

 

In general, when the sample size is n = 10, the out-of-control ARLs are very close to the 

minimum value of 1. For the case of n = 3 the out-of-control values for d = 2 and -2 are 

of the same magnitude that the rest of charts, taking again into account that these values 

are not directly comparable. If we consider small process shifts (d = 0.2, 0.5 and -0.2, -

0.5) clearly the EL control chart shows that it is able to detect these small shifts, 

obtaining significant lower ARL values in comparison with the in-control ARL. If the t3 

distribution is taken as example, the in-control ARL for n = 10 is 175.44. Then, a very 

small process shift of size d = 0.2 is detected with an ARL equals to 55.25, and a shift 

of size d = 0.5 is detected with an ARL of 11.75.  As a conclusion, the EL control chart 

can detect the out-of-control state of a process, with reasonably low values of ARL. 

 

7. Example of Application 

To illustrate the use of the EL control chart for the process mean an example of 

application is showed in this section. Let us suppose that a mean of a quality 

characteristic has to be controlled employing a sample size n = 5. For this purpose, 

following the habitual procedure, 20 samples (m = 20) each one with a sample size of 5 

(n = 5), have been collected during the Phase I when the process is considered to be in 

an in-control state, that is to say, m n⋅  = 100. The 100 obtained values used in this 

application example and the Matlab® functions employed are available from the 

authors. 

  

The distribution of the population of this variable is ignored. But the conclusions 

obtained in this article suggest that with m n⋅  = 100 values obtained in Phase I, the EL 

control chart will provide a control procedure where the empirical and the desired in-
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control ARL values will be very similar, obtaining, also, a reasonable performance for 

the detection of process shifts.  

 

The sample mean of the m n⋅  = 100 data is 29.3597, value that will be used for the EL 

test as in-control mean. Applying the procedure developed in this paper we obtain that 

the control limit is 14.1927. Finished the Phase I, we could begin to the control the 

process using the EL control chart. Table 7 shows the obtained samples during the 

Phase II, and the value of the statistical EL to plot associated to each sample. As we can 

see, the last sample overcomes the control limit and, therefore, we would reject that the 

process is in-control.  

 

[INSERT  TABLE 7 OVER HERE] 

 

CONCLUSIONS 

In this paper we proposed a control chart for the process mean based on Empirical 

Likelihood. The results of the simulations carried out show that the EL provides, in 

most of the studied conditions, robust values of in-control ARL, close to the required 

one, regardless the distribution of the utilized data, and sample sizes considered in the 

Phase II of the process. For obtaining this good performance it seems not necessary to 

have a large amount of data available in Phase I. In addition, the EL chart is able to 

detect the possible process shifts with a performance that seems reasonable. 
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FIGURE 1 

 

Figure 1. Empirical Likelihood control chart, showing phases I and  II. 
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FIGURE 2 
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Figure 2. Probability density of the variables employed. 
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X  Bootstrap EL WV EWMA 

n 3 5 10 3 5 10 3 5 10 3 5 10 3 5 10 

t3 25.25 22.47 17.30 16.81 15.41 18.28 34.13* 47.62* 41.32* 22.99 21.01 14.25 11.44 11.62 5.23 

Normal 59.17* 48.31 34.01 31.35 32.47 24.63 34.01 60.24* 84.75* 54.95 43.29 32.79 14.59 8.98 8.76 

G(1.5,20) 30.67 24.51 20.62 28.90 19.19 19.46 40.32* 50.00* 51.02* 38.61 28.25 22.27 62.39 22.21 9.24 

Symmetric 

bimodal 
147.06* 62.50 26.95 53.19 51.28 25.38 34.84 52.63 71.94* 277.78 96.15* 40.16 5.04 4.34 2.38 

Asymmetric 

bimodal 
29.59 25.77 24.33 22.12 19.61 18.90 34.25* 65.36* 62.50* 29.85 24.10 22.78 14.13 11.12 5.36 

 

 
Table 1. In-control ARL values for the case m·n = 20 observations in Phase I. Phase II sample size n = 3, 5, 10. The asterisk (*) indicates the closest value to the desired ARL(d = 0) = 

200. 
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 Bootstrap EL WV EWMA 

n 3 5 10 3 5 10 3 5 10 3 5 10 3 5 10 

t3 35.46 37.17 32.15 32.26 31.75 27.55 70.92* 113.64* 114.94* 33.44 34.60 30.40 31.27 16.24 9.53 

Normal 108.70* 80.65 76.92 71.43 72.99 62.50 94.34 129.87* 117.65* 104.17 80.65 73.53 36.92 18.05 13.07 

G(1.5,20) 44.05 38.61 52.36 56.18 51.02 56.50 76.92* 93.46 105.26* 59.17 49.50 65.36 45.76 125.45* 11.17 

Symmetric 

bimodal 
312.50* 142.86 89.29 74.63 99.01 78.13 78.13 104.17 131.58* 454.55 200.17* 113.64 4.79 4.15 2.16 

Asymmetric 

bimodal 
56.82 73.53 55.56 61.35 75.76 50.51 68.97* 109.89* 103.09* 60.24 77.52 50.25 23.33 21.97 9.77 

 
Table 2. In-control ARL values for the case m·n = 50 observations in Phase I. Phase II sample size n = 3, 5, 10. The asterisk (*) indicates the closest value to the desired ARL(d = 0) = 

200. 

 

 

 

 

 

 

 

X



 24 

 

 

 
 

 Bootstrap EL WV EWMA 

n 3 5 10 3 5 10 3 5 10 3 5 10 3 5 10 

t3 43.29 47.17 50.00 47.17 46.73 42.92 103.09* 142.86* 144.93* 41.67 45.66 45.66 35.30 32.88 17.39 

Normal 144.93* 133.33 111.24 119.05 106.38 104.17 112.36 147.06* 142.86* 140.85 129.87 105.26 39.34 24.75 19.94 

G(1.5,20) 58.82 70.42 69.93 92.59 95.24 88.50 103.09 140.85* 151.52* 82.64 102.04 98.04 197.33* 51.71 17.05 

Symmetric 

bimodal 
588.24 243.90* 158.73 120.48 127.71 128.21 129.61* 153.85 155.32 909.09 312.50 188.68* 4.80 3.94 2.56 

Asymmetric 

bimodal 
78.13 87.72 102.04 109.89 112.36 98.04 119.27* 154.27* 119.05* 87.72 96.15 99.01 31.93 20.54 18.28 

 
Table 3. In-control ARL values for the case m·n = 100 observations in Phase I. Phase II sample size n = 3, 5, 10. The asterisk (*) indicates the closest value to the desired ARL(d = 0) = 

200. 
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 Bootstrap EL WV EWMA 

n 3 5 10 3 5 10 3 5 10 3 5 10 3 5 10 

t3 55.56 55.87 62.11 81.97 78.74 69.93 144.93 169.49* 175.44* 54.95 55.25 60.98 158.40* 296.07 253.63 

Normal 178.41 178.57 158.73 156.25 161.29 140.85 181.82* 169.37 169.49 177.84 181.82* 156.25 107.35 58.83 205.27* 

G(1.5,20) 69.93 81.97 101.01 149.17 149.25 138.89 163.93* 161.29* 172.41* 105.26 129.87 151.52 150.14 130.03 148.03 

Symmetric 

bimodal 
1000.00 370.37 204.08* 151.52 171.44 138.22 175.67* 172.41* 176.31 1111.19 400.07 222.32 5.14 3.96 2.34 

Asymmetric 

bimodal 
95.24 120.48 120.48 142.86 151.52 144.93 166.67* 172.92* 175.34* 108.70 140.85 136.99 52.09 34.80 21.13 

 
Table 4. In-control ARL values for the case m·n = 300 observations in Phase I. Phase II sample size n = 3, 5, 10. The asterisk (*) indicates the closest value to the desired ARL(d = 0) = 

200. 
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               d (shift in sigma units) 
 0 0.2 0.5 1 1.5 2 -0.2 -0.5 -1 -1.5 -2 

 

 

X  chart                 
t3 55.56 43.86 25.19 6.34 2.03 1.22 44.84 25.77 6.45 2.02 1.21 

Normal 178.41 111.11 33.90 6.65 2.33 1.97 117.65 36.23 6.90 2.38 1.34 

G(1.5,20) 69.93 43.86 21.23 6.99 27.47 1.41 121.95 117.64 8.47 2.14 1.31 
Simetric 
bimodal  1000.00 769.23 243.90 51.81 17.76 8.75 909.09 285.71 56.82 18.98 10.75

Assimetric 
bimodal 95.24 71.43 40.82 15.27 5.98 2.64 116.28 88.50 19.53 4.96 2.12 

 BOOTSTRAP 

t3 81.97 73.53 45.87 12.48 3.61 1.79 67.11 15.13 9.89 3.01 1.59 

Normal 156.25 97.09 30.96 6.38 2.30 1.84 104.17 33.22 6.65 2.36 1.34 

G(1.5,20) 149.25 153.85 70.42 21.23 71.43 2.90 26.67 5.51 1.83 1.23 1.07 
Simetric 
bimodal  151.52 121.95 57.47 19.31 9.24 51.81 126.58 60.61 20.12 9.54 5.32 

Assimetric 
bimodal 142.86 188.68 136.99 51.55 17.54 6.26 97.09 33.78 7.22 2.64 1.54 

 EL 

t3 144.93 126.58 82.64 29.50 7.57 2.45 129.87 85.47 30.77 7.78 2.46 

Normal 181.82 142.86 89.29 23.64 6.10 4.56 140.85 89.21 24.88 6.28 2.37 

G(1.5,20) 163.93 112.36 58.82 17.61 7.50 3.00 175.44 165.18 107.53 9.12 2.45 
Simetric 
bimodal  175.67 144.93 100.00 41.67 18.98 10.00 149.25 103.09 44.05 19.49 10.32

Assimetric 
bimodal 166.67 166.67 129.87 70.42 31.95 11.93 188.68 185.19 138.89 44.84 10.18

  WV      

t3 54.95 43.67 25.25 6.37 2.04 1.23 43.86 24.94 6.24 1.99 1.21 

Normal 177.84 112.36 34.25 67.11 2.34 1.99 114.94 35.34 6.80 2.37 1.34 

G(1.5,20) 105.26 65.79 31.45 9.93 3.67 1.70 185.19 69.23 4.20 1.66 1.19 
Simetric 
bimodal  1111.19 909.09 270.27 54.05 18.15 8.86 1000.00 303.03 56.82 18.87 9.11 

Assimetric 
bimodal 108.70 89.29 51.55 19.19 7.29 3.09 119.05 68.03 13.70 3.90 1.86 

 EWMA     

t3 158.40 30.90 9.50 4.10 2.76 2.15 35.35 9.83 4.03 2.83 2.12 

Normal 107.35 26.62 20.10 4.28 3.07 2.24 2.56 11.05 4.82 2.78 2.27 

G(1.5,20) 150.14 51.92 9.43 4.85 2.84 2.24 23.73 8.32 4.71 2.96 2.20 
Simetric 
bimodal  5.14 6.69 14.20 55.24 8.02 4.09 4.03 3.21 2.33 1.99 1.73 

Assimetric 
bimodal 52.09 84.07 18.32 5.25 3.19 2.40 14.12 7.25 3.81 2.65 2.12 

            
Table 5. ARL values for m·n = 300 observations in Phase I, Phase II sample size n = 3, and required ARL(d = 0) = 200 
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               d (shift in sigma units) 

 0 0.2 0.5 1 1.5 2 -0.2 -0.5 -1 -1.5 -2 

 

 

X  chart               
 

t3 62.11 36.63 7.92 1.44 1.05 1.00 37.04 7.99 1.46 1.03 1.00

Normal 158.73 60.24 8.84 1.59 1.03 1.00 59.17 8.70 1.58 1.03 1.00

G(1.5,20) 101.01 36.23 8.43 1.67 1.02 1.00 147.06 9.82 1.50 1.04 1.00

Simetric bimodal  204.08 142.86 50.25 11.25 3.90 1.95 151.52 54.64 11.93 4.06 2.01

Assimetric bimodal 120.48 66.67 19.23 3.53 1.34 1.02 126.58 21.55 2.87 1.35 1.09

 BOOTSTRAP 

t3 69.93 45.87 10.26 1.77 1.08 1.01 42.37 9.47 1.75 1.09 1.01

Normal 140.85 49.75 7.96 1.55 1.03 1.00 55.25 8.47 1.58 1.03 1.00

G(1.5,20) 138.89 78.13 16.37 2.47 1.08 1.00 25.64 3.65 1.21 1.01 1.00

Simetric bimodal  138.22 106.38 39.22 9.35 3.45 1.81 117.65 44.25 10.31 3.68 1.89

Assimetric bimodal 144.93 125.00 35.97 5.56 1.67 1.07 59.17 10.72 2.16 1.23 1.08

 EL 

t3 175.44 55.25 11.75 4.08 1.60 1.14 59.52 12.06 4.12 1.67 1.14

Normal 169.49 88.50 20.04 3.85 1.52 2.85 85.47 19.61 3.80 1.52 1.07

G(1.5,20) 172.41 322.58 52.91 2.54 2.73 1.22 66.67 25.45 8.37 2.62 1.44

Simetric bimodal  176.31 136.99 69.93 18.66 5.73 2.38 142.86 72.99 19.38 5.95 2.45

Assimetric bimodal 175.34 192.31 48.78 8.31 3.42 1.87 69.93 22.52 8.12 4.42 2.00

  WV      

t3 60.98 35.84 7.82 1.45 1.04 1.00 35.59 7.75 1.46 1.03 1.00

Normal 156.25 58.82 8.76 1.59 1.03 1.00 58.48 8.67 1.58 1.03 1.00

G(1.5,20) 151.52 58.14 12.45 2.06 1.04 1.00 56.50 5.33 1.31 1.02 1.00

Simetric bimodal  222.32 158.73 53.76 11.66 3.96 1.96 163.93 56.18 12.05 4.05 1.99

Assimetric bimodal 136.99 86.21 24.45 4.17 1.45 1.04 90.09 15.20 2.47 1.28 1.06

 EWMA     

t3 253.63 14.24 3.96 2.00 1.32 1.05 14.89 4.54 1.96 1.27 1.03

Normal 205.27 24.63 3.80 2.20 1.38 1.05 19.18 4.23 2.19 1.39 1.06

G(1.5,20) 148.03 8.59 4.58 2.07 1.38 1.04 17.90 5.21 2.04 1.36 1.08

Simetric bimodal  2.34 2.97 6.52 21.30 3.55 1.93 1.92 1.50 2.07 1.00 1.00

Assimetric bimodal 21.13 46.81 6.68 2.44 1.61 1.11 7.01 3.20 1.85 1.21 1.02

            
Table 6. ARL values for m·n = 300 observations in Phase I, Phase II sample size n = 10, and required ARL(d=0) = 200 



 28

 

 

 

Figure 3. Distribution of 10000 values of X  when n = 5 and the distribution is a 

Gamma(1.5, 20). Shewhart control limits are showed. 

 

 

Figure 4. Same distribution as figure 3 when a positive shift in the mean occurs. 
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Sample Data EL statistic 

1 4.4288   11. 3808   24. 3718   26. 2568   17. 2304 1. 5562 

2 74. 2509    9. 6053   18. 9874   32. 8595   17. 5490 0. 0164 

3 9. 7315   45. 7000    9. 2347   77. 1196    3. 579 0. 0005 

4 50. 9460    7. 5027   70. 6616   51. 1312   38. 8743 2. 0152 

5 13. 7145    1. 0721   61. 0591    6. 9067   20. 9179 0. 6604 

6 4. 7270   67. 2110    3. 5845    5. 0557   26. 3864 0. 4421 

7 13. 5978   13. 7097   28. 4883   16. 8079   16. 1233 1. 3168 

8 10. 6024   33. 7062   36. 3889   43. 1536   65. 1888 1. 1438 

9 23. 3527   46. 1669    2. 0657    3. 7675   58. 5665 0. 0646 

10 69. 8863   58. 7792   66. 2198   87. 6878   43. 7330 14. 974 > CL 

 

Table 7. Samples and associated EL statistics for the example of application. 

 


